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Various  graphical  models  for  the  visualization  of  pharmacologically' 
active  proteins  have  been  developed  to  help  recognize  a three'dimensionat 
structure  of  molecules;  these  models  have  been  principally  aimed  at 
visualizing  the  static  images  of  molecules.  This  work  is  an  extension  of  such 

the  folding  of  protein  molecules.  This  dissertation  clescribes  a new  graphical 

molecule  may  exhibit  an  undesirable  wiggle  or  inflection  under  certain 
conditions.  The  G’  class  of  splines  can  be  used  to  eliminate  these  artifacts,  but 
a mathematical  representation  of  the  G'  splines  has  not  been 


developed 


dale.  We  develop  an  analytic  expression  for  the  splines.  Moreover,  we 
extend  and  apply  the  splines  for  the  generation  of  more  diversified  motion 

This  dissertation  develops  a method  termed  the  incremental  knot 
sparing  to  control  the  motion  speed  by  an  approximabon  in  the  discrete 
parameter  domain  so  that  control  of  mobon  speed  is  achieved.  We  separate 
temporal  aspect  from  spaUal  aspect  of  animation  while  providing  a means  of 
hitting  key  frames. 

Based  on  these  major  tools  for  the  control  of  motion  path  and  speed, 
we  develop  a molecular  animation  mode!  termed  the  sofiif  harkbone  model. 
in  which  a molecular  backbone  is  depleted  as  a combination  of  shaded 
cylindrical  surfaces.  Most  importantly,  the  inbetweenlng  technique  was 
incorporated  into  the  model  to  smooth  the  motion  transition. 


CHAPTERl 

INTRODUCTION 

Protein  Folding 

In  late  1957,  Christian  6.  Aniinsen,  a researcher  at  the  National 
Institutes  of  Health,  made  a remarkable  discovery  while  experimenting  with 
the  early  notions  ol  protein  iblding  that  postulate  the  existence  of  "templates'' 
that  cause  proteins  to  assume  their  naKve  structure  [Voe90].  What  causes 
newly  made  proteins — which  resemble  loosely  coiled  springs — to  wind  into  a 
specific  shape? 

His  experiment  confirmed  that  a native  molecule  of  ribonuclease  can 
fold  into  a denatured  structure  and  bade  into  the  exact  original  native 
structure  [RosSi].  Under  proper  conditions,  the  denatured  shape  remembers 
its  original  native  shape  and  completely  recovers  it.  Therefore,  it  was 
generally  believed  that  the  amino  acid  sequence  of  a protein,  a one- 
dimensional trait,  was  fully  suffident  to  spedfy  the  molecule's  ultimate 
three-dimensional  shape  and  biological  activity. 

The  next  question  to  arise  was  "How  does  the  protein  fold  between  the 
two  states?"  For  more  than  30  years  after  AnBnsen's  discovery,  hundreds  of 
investigators  examined  this  problem  |ChoB4,  WriSS]  in  an  attempt  to  predict 
the  folding  pathway.  The  solution  is  of  more  than  academic  concern.  The 
major  impetus  behind  the  biotechnology  industry  is  to  produce  new  and 
useful  proteins.  It  is  already  possible  to  design  genes  which  could  guide  the 
synthesis  of  such  proteins.  Yet  an  essential  feature  of  such  synthesized 


proteins  must  be  that  they  be  able  to  attain  the  natural,  stable  slate  with  full 
biological  activity  by  undergoing  folding.  If,  however,  the  synthesized 
proteins  do  not  foid  as  intended,  the  resulting  proteins  cannot  exist  in  vivo. 

Because  only  a split  second  is  required  for  folding  (e.g.,  1*100  ms)  and 
because  the  methods  that  provide  structural  information  about  protein 
folding  (e.g..  X-ray  crystallography.  Nuclear  Magnetic  Resonance)  are 
intrinsically  slow  [KlmS2],  no  one  has  been  able  to  witness  the  folding  process. 
Instead,  biochemists  have  managed  to  trap  a few  folding  intermediates  in  a 
stable  form  by  slowing  down  the  process.  These  folding  intermediates 
constitute  the  basic  building  blocks  for  the  various  models  which  have  been 
proposed  to  illustrate  the  folding  process  (KimSl).  However,  there  is  as  yet  no 
known  solution  to  the  problem  of  prediction  of  the  folding  pathway  |Gh^S2, 
Ric9I|. 

With  the  advent  of  the  computer  age,  Iheoredcal  endeavors  could 
complement  earlier  experimental  work.  For  example,  the  shape  of  a folded 
protein  might  in  principle  be  determined  by  an  empirical  surface-potential- 
energy  function.  Given  the  numerical  values  of  the  charges  of  atoms,  the 
resulting  energy  may  be  expressed  as  the  sum  of  pair  interactions  between  all 
atoms  of  the  protein  IGhdSZ.  Syb89|.  Factors  that  influence  the  potential- 
energy  function  (e.g.,  van  der  Waals  forces,  bond  stretching  energy,  side  chain 
torsional  energy)  depend  heavily  on  the  postulated  model  [Bro83,  Cta89, 
Lev83a,  Syb89|. 

Based  on  these  factors,  the  computer  adjusts  the  coordinates  of  the 
atoms  so  that  the  overall  energy  is  lowered  and  a minimum  is  reached.  The 
minimum  energy  state  is  the  natural,  stable  stale  of  the  proteins.  This  process, 
known  as  energy  minimization,  has  been  a valuable  tool  not  only  for 
confinning  models  of  structures  but  also  for  determining  folding  pathways  by 


simulation  (Iou9I,  Chu91.  Lev83b,  Ric911.  Although  soma  problems  in  this 
approadi  have  been  reported  |GhdB2|.  progress  in  this  area  of  research  has 
been  rapid.  This  dissertation,  however,  does  not  deal  with  the  modeling  and 
computational  processes  involved  in  such  energy  minimiaation. 

Besides  their  use  as  a minimization  tool,  protein  engineers  have  found 
computers  useful  for  the  display  of  protein  structures.  Interactive  computer 
graphics  put  bond  structures,  molecular  volumes,  and  surface  areas  under  the 
control  of  protein  engineers  with  a simple  interface  devices  lPiq86).  The 
protein  images  can  be  rotated,  magnified  and  represented  as  suits  the  user. 
Fragments  of  proteins  can  be  manipulated  to  approach  one  another  and 
joined  to  test  the  ease  of  fit  of  a substrate  and  a binding  site.  Clues  from  the 
visualizadon  of  the  binding  contribute  to  the  design  of  substrates  that  bind 
more  effectively  and  enhance  the  activity  of  complex  sysletns  [Mil91).  In 
essence,  computer  graphics  plays  a key  role  in  protein  engineering. 

Various  graphical  models  |Lev66,  Max83,  Sch79J  for  the  representation 
of  three'dimensional  structures  of  proteins  have  been  used  to  aid  in  the 
recognition  of  proteins — real  or  simulated. 

The  skeletal  model  is  based  on  the  Kendrew-Watson  physical  model  of 
a molecule  [Sch79]  and  shows  the  molecular  framework  which  is  a collection 
of  lines  joining  atoms.  The  skeletal  model,  often  referred  to  as  wireframe 
model  [StiBl],  implies  atomic  position  by  the  juncdons  of  bonds  and  their 
termini.  Although  the  skeletai  model  has  capability  of  rapid  imaging  of  large 
molecules,  recognition  is  restricted  to  intramolecular  topology  such  as  bond 
lengths,  bond  angles,  and  relative  atomic  positions. 

The  spherical  model  iliustrales  molecular  surface  shape  as  formed  by 
the  union  of  van  der  Waals  contact  surfaces.  Van  der  Waals  distance,  which 
is  used  as  atomic  radius  in  the  spherical  model,  is  defined  as  the  distance 


Although  the  spheric 


conceptualization  of  crltica]  interactions  [Chu90|  commonly  occurring  at  this 
contact  surface,  existing  graphics  hardware  does  not  permit  interaction  with  a 
spherical  model  larger  than  a few  tens  of  atoms  [StaTS,  PalSSJ. 

The  ribbon  model  (CarS6,  RicSl]  visualizes  the  backbone  of  proteins, 

atoms.  Common  implementation  of  this  model  represents  the  backbone  Une 

length. 

With  the  growing  interest  in  protein  folding,  the  obvious  extension  of 
such  computer  representation  is  an  animated  graphic  display  of  the  motion  of 
a molecule.  Feldmann  and  Levitt  [FelBO],  in  a 1980  Rim  of  the  molecular 
dynamics  of  bovine  panaeatic  trypsin  inhibitor  (BPTl),  demonstrated  the 
power  of  computer  animation  as  a tool  for  the  researcher.  From  a collection 
of  moving  pictures,  all  aspects  of  the  reaction  pathways  could  be  seen  directly. 
Fundamental  concepts  were  easy  to  grasp  using  visual  effects  involving 

applicatioiu  ranging  from  non-invasive  robotic  surgery  to  the  prediction  of 

such  molecular  processes  as  DNA  unwinding  or  protein  folding  process. 

Nevertheless,  these  existing  molecular  models  are  appropriate  for  the 

molecular  animation,  however,  a number  of  serious  problems  arise.  The 
flipping  of  side  chains  in  the  skeletal  model  diverts  the  viewer’s  attention. 
The  spherical  model,  besides  being  prohibitively  expensive  means  to  produce 
images  for  individual  folding  intermediates,  hides  the  backbone  with  the 


of  A new  mode]  which  avoids  these  inherent  flaws  and  is  specifically  designed 
for  use  in  molecular  animation. 

SlaiemenI  of  the  Problem 
Considerations  in  a Static  View 

invoive  concerted  dispiacemenls  of  many  atoms  or  those  requiring  the 
crossing  of  energy  barriers  cannot  be  investigated  with  molecular  dynamics 
alone  |Fu)66.  L«vB3b|.  Because  proten  folding  is  associated  with  a globular 
conformational  change,  molecular  structures  resulting  from  energy 

IDelS4j.  Our  animation  system  also  uses  energy  minimization  as  a tool  for  the 
generation  of  folding  intermediates. 

A peptide  plane  in  a protein  is  defined  as  the  rigid  plane  containing 
carbon,  oxygen,  nitrogen  and  hydrogen  atoms  which  reside  between  two 
adjacent  alpha-carbons  belonging  to  corresponding  amino  acids.  Therefore,  a 
protein  molecule  may  be  regarded  as  a sequence  of  the  peptide  planes  joined 
by  alpha-carbon  atoms. 

Because  the  bond  lengths  between  atoms  are  fixed,  only  the  angles 
joining  each  of  the  peptide  planes  can  freely  rotate.  Consider  the  rotation  of 
the  peptide  planes  induced  by  a movement  of  a single  alpha-carbon  atom.  A 
local  rotation  of  a peptide  plane  propagates  tiuough  the  entire  chain  length  to 


viewpoint,  this  situation  is  somewhat  similar  to  the  rotapon  oi  the  aims  with 
respect  to  the  body  in  a multi-arm  robot  system  IFu87J.  When  only  the  Joint 
between  body  and  first  arm  is  allowed  to  rotate,  while  the  rest  of  the  arms 
have  no  degree  of  freedom  to  rotate,  all  of  the  arms  will  undergo  exactly  the 
same  degree  of  rotation  as  the  first  arm. 

Energy  minimization,  however,  does  not  calculate  the  angular  rotation 
of  the  peptide  planes  in  a one-by-one  manner.  Rather,  energy  minimization 
adjusts  the  coordinates  of  a whole  group  of  localized  atoms  in  such  a way  that 
the  overall  energy  is  lowered  and  a minimum  is  reached,  without  concern  for 
the  individual  rotations  of  the  peptide  planes.  Thus  what  we  see  as  a result  of 
energy  minimization  is  the  location  of  atoms  which  have  gone  through 
combinations  of  rotations  centered  at  several  Joint  positions. 

The  wireframe  model  has  been  used  most  frequently  in  previous 
attempts  at  molecular  animation  because  of  the  high  computation  cost 
required  when  the  spherical  model  is  used.  In  this  model,  the  atomic 
positions  are  represented  by  the  junction  of  bonds  and  their  termini. 
Nevertheless,  the  wireframe  model  exhibits  the  following  fundamental  flaws 
as  an  animation  tool. 

As  a result  of  the  combination  of  rotations  propagated  from  several 
Joint  positions,  the  angles  Joining  the  bonds  can  vary  randomly.  What  makes 
the  animation  possible  is  the  visual  illusion  of  the  first  image  remaining 
until  the  second  image  is  displayed.  If  the  next  image  conspicuously  deviates 
from  the  previous  one,  and  deviation  continues  through  the  entire 
succession  of  frames,  conceptualization  of  movement  cannot  occur.  Since  the 
angles  Joining  the  bonds  do  not  assure  gradual  changes,  the  viewers  cannot 
rely  on  them  as  a source  of  visual  illusion.  The  bonds  linking  the  Junctions 
suffer  the  same  loss  of  visual  continuity  in  the  wireframe  model.  Since  the 


junctions  of  bonds  move  at  apparently  random  way.  the  lines  conn 
these  junctions  cannot  show  continuous  movement.  Figure  1-1  shows  an 

figure  designate  the  hrame  sequence  numbers.  As  can  be  noticed,  ft  is  hard  to 
find  a reference  object  which  is  moving  in  a visually  smooth  manner,  in  this 
example  of  the  wireframe  model.  Instead,  such  disturbing  features  as  flipping 

Figure  1-2  Illustrates  a ubiquitin  molecule— whose  abnormal  structural 
deformation  is  known  to  be  characterisKc  of  Alzheimer's  disease — shown  in 
the  spherical  model.  Besides  the  enormous  computation  involved  in 
rendering  the  individual  spheres,  the  backbone  atoms  are  buried  under  an 
outside  overcast  of  spherical  surfaces. 

global  structural  change  represented  by  the  backbones  of  proteins-  This  can  be 
evidenced  by  numerous  iUusttadons  |Mer77,  Str81,Voe901  where  the  folding 
process  is  drawn  by  thick  and  smooth  backbone  lines.  Defining  backbone  lines 

and  carbonyl-carbon  aloms,  biochemists  prefer  to  interpret  the  folding  process 
in  terms  of  the  extension  and  contraction  of  these  backbone  Jines. 

Characterization  of  the  folding  process  is  possible  with  the  backbone 
Unes.  Because  amino  adds  stick  to  each  other  to  form  proteins,  we  call  the 

proteins  are  often  called  random  coils,  implying  that  no  region  of  backbone 
looks  significantly  different  from  other  regions.  Certain  portions  of  these 

around  whidt  stable  colls  will  eventually  stick.  The  backbone  of  proteins  thus 


formed  hu  some  peculiarities.  For  example,  the  usual  backbone  of  the  native 

distinct  segments  having  a characteristic  conformation.  They  may  form 
helices,  flat  sheets,  or  turns  connecting  the  helices  and  strands  of  sheets.  The 

amino  acids  tend  to  be  found  in  a specific  secondary  structure  [Sch79).  For 

coils.  Backbone  lines  in  this  context  play  an  important  role  in 
conceptualization  of  secondary  structure. 

represent  the  molecule  is  that  the  backbone  lines  can  completely  recover 
geometrical  infomation  of  entire  atoms.  Protein  designers  quite  often  require 

use  a mouse  to  dick  on  a pordon  of  the  backbone  atoms  which  draws  thdr 
attention  during  aiumatlon.  Because  the  two  peptide  planes  centered  at 
alpha-carbons  are  rigid  units,  clicking  on  the  position  of  alpha-carbons  can 
generate  coordinates  of  other  atoms  on  those  rigid  units.  Provided  with  a 
proper  data  structure  to  link  the  alpha-carbons  with  the  rigid  units,  these 
atoms  can  be  viewed  in  the  spherical  model.  Therefore,  It  is  possible  to  view 
the  globular  changes  in  animation  and  to  focus  on  and  analyze  the  spherical 
shapes  in  a stadc  scene.  The  bridge  between  the  two  modes  is  an  exact  click  on 
the  location  of  the  alpha-carbons. 

The  ribbon  model  has  succeeded  in  helping  the  user  visualize  the 
backbone  atoms.  In  Figure  1-3,  the  central  thread  of  the  ribbon  is  the  primary 


id  the 
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Figure  1-1.  A schematic  diagram  o(  the  animation  of  a wireframe  model. 
Black  dots  represent  positions  of  an  identical  atom  in  different  frames. 


Figure  1*2.  SphericaJ  model  of  a ubiquitin  molecule. 


A general  misconception  of  previous  animation  systems  in 
molecular  graphics  IDel&4,  FujS6,  Tod83,  Syb89]  is  that  animation  may  be 
performed  by  simply  displaying  the  individual  frames  consecutively.  If  the 
individual  frames  are  of  a relatively  similar  spatial  pattern,  this  assumption 
may  be  true.  However,  folding  intermediates,  whether  they  are  determined 
from  a theoretical  postulation  or  they  are  taken  from  experimental  results 
including  a computer  simulation  such  as  energy  minimization,  tend  to  be 
dissimilar.  Therefore,  the  resulting  frames  exhibit  abrupt  and  unnatural 
displacement  from  one  frame  to  the  next.  Such  abruptness  can  be  noticed  in 
Figure  1-1  where  the  transition  between  Frame  1 and  Frame  2 is  conspicuous 
when  compared  with  other  transitions. 

Key  frames  derive  their  name  from  the  key  drawings  IThagSl  on  the 
celluloid  transparencies  used  in  conventional  animation.  If  we  define  the 
individual  folding  intermediates  of  the  energy  minimization  as  the  key 
frame,  we  can  employ  the  traditional  computer  graphics  technique  called 
inbetweening.  Inbetweening  [Bur71,  ReeSl,  ThaSS)  works  as  follows:  the 
animator  specifies  two  key  drawings  and  the  computer  calculates  and 
generates  additional  drawings  between  them  by  referencing  the  distance 
between  pairs  of  corresponding  points.  When  applied  to  the  display  of  folding 
intermediates,  the  technique  will  generate  additional  imaginary 
intermediates  between  the  two  folding  intermediates.  Movement  from  one 
folding  intermediate  to  another  can  be  improved  by  the  introduction  of 
additional  inbetween  frames.  These  inbetween  frames  smooth  the  abrupt 
conformational  discontinuities  between  the  folding  intermediates.  Since 
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what  we  are  concerned  with  is  the  visualization  ol  the  global  movements  of  a 
backbone  structure,  introduction  of  these  Inbetween  frames  does  not  interfere 
as  long  as  it  aids  in  the  capturing  of  motion. 

Suppose  an  atom  has  to  travel  from  point  A to  point  D as  a result  of 
energy  minimization  such  that  point  A belongs  to  the  first  folding 
intermediate  and  point  B belongs  to  the  next  one.  There  can  be  various 
motion  paths  from  A to  B depertding  on  the  inbetweenlng  scheme.  The  path 
trajectories  might  be  straight  lines  or  smooth  curves.  Splines,  in  a broad 
sense,  can  be  said  to  be  the  smooth  curves  cormecting  points  A and  B.  If  the 
curves  pass  through  the  two  points,  the  splines  are  said  to  be  interpolating.  In 
contrast,  if  the  curves  approach  and  do  not  pass  the  two  pchnts,  the  splines  ore 
said  to  be  approximating.  For  the  atualion  at  hand,  the  atom  does  not  hit  the 
target  destination  if  approximating  splines  are  used.  This  means  that  the 
approximating  splines  used  as  inbelweening  tools  will  modify  Ihe  structure  of 
the  original  folding  intermediates,  making  entire  frames  imaginary  ones.  If  a 
user  stops  the  animation  stream  to  analyze  the  static  structure,  he  has  no 
place  to  anchor  because  Ihe  original  key  frames  do  not  belong  to  the 
animation  sequence-  Therefore,  switching  between  animation  and  static 
analysis  becomes  difficult  with  the  approximating  interpolalions. 

In  an  attempt  to  pass  through  Ihe  key  frames,  interpolating  splines  may 
replace  the  approximating  splines.  The  motion  path  passes  through  the  exact 
locations  of  the  original  folding  intermediates  used  as  key  drawings.  This 
spline,  however,  introduces  Ihe  problems  of  wiggles,  loops,  or  oscillation. 
Suppose  that  the  atom  proceeds  to  move  from  point  B to  another  point  C.  If 
the  distance  from  A to  B is  large  compared  with  the  distance  between  the 
points  B and  C (as  in  the  black  dots  of  frame  1,  2,  and  3 of  Figure  1-1>.  the 


motion  path  lends  to  wiggle  In  the  interval  [B,  C].  We  would  like  to  avoid 
this  misbehavior  of  the  moKon  path  in  our  animation  system. 

In  addition  to  the  problem  related  to  the  motion  path,  there  remains 
another  problem  associated  with  the  control  of  motion  speed.  If  the  atom 
accelerates  and  decelerates  unnecessarily,  transition  between  folding 
intennediates  will  become  fluctuating  as  well.  Such  motion  speed  is  attained 
from  sampling  the  points  lying  on  the  motion  path.  With  more  points 
sampled,  more  inbetween  frames  are  produced  and  the  motion  will  be 
sbwer.  The  major  factor  determining  the  motion  speed  is  the  spatial  distance 
between  sample  points.  Traditionally,  it  has  been  known  as  a difficult 
problem  to  adjust  the  motion  speed  on  a curve  produced  by  a parametric 
representation.  Because  the  splines  used  in  computer  graphics  are 
predominantly  expressed  parametrically,  the  inter-frame  distances  should 
also  be  controlled  by  the  parameter.  However,  the  relation  between  the 
parameter  and  the  inter-frame  distance  is  not  linear  in  general,  and  this 
nonlinearity  complicates  the  control  of  the  motion  speed. 

Objectives  and  Aonroach 

We  can  restate  the  problems  as  follows: 

Problem  1 . The  spherical  model  is  not  suitable  for  folding  animation  since  the 
backbone  conformation  may  be  invisible. 

Problem  2.  The  wireframe  model  is  not  suitable  for  the  animation  because  of 
its  inherent  discontinuities  In  spatial  pattern. 

Problem  3.  The  riWson  model  cannot  be  used  directly  for  animation  because 
the  viewer  needs  time  to  examine  the  twist  and  width  of  the  parallel  lines. 
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wiggles  in  some  regions. 

Problem  6.  Folding  intermediates  tend  to  be  dissimilar. 

Problem  7.  The  technique  of  inbetweening  by  approximating  splines  can  miss 

Problem  8.  Inbetweening  by  interpolating  splines  can  exhibit  an  abnormal 
motion  path  because  of  the  wiggles. 

Problem  9.  Even  if  interpolating  splines  are  used,  motion  speed  may  not  be 
controUed- 

model  called  the  solid  backbone  model.  The  solid  backbone  mode!  shares  the 
basic  idea  of  embodying  backbone  lines  with  the  ribbon  model.  The  backbone 
can  sufficiently  convey  all  the  information  about  folding  while  reducing  the 
time  constraints  of  the  spherical  model.  However,  the  solid  backbone  model 
replaces  the  multiple  threads  of  the  ribbon  model  with  a series  of  shaded 

Being  defined  as  a series  of  cylinders  with  their  axes  on  the  backbone 
Unes,  the  solid  backbone  model  gives  the  feeling  of  three-dimensional  depth 
by  proper  shading  of  the  cylindrical  surfaces.  It  is  a known  fact  that,  in 
animation,  relatively  rough  shading  will  suffice,  compared  with  static  scenes. 

generation  of  rough  shading  of  three-dimensional  obfects  is  a simple  process. 
For  instance,  most  current  graphic  devices  are  equipped  with  VLSI  circuits 


dedicated  to  shading.  Rendering  features  related  to  the  solid  backbone  model 
are  presented  in  Chapter  5. 

Problem  6 can  be  bandied  by  applying  the  inbetweening  technique. 
Such  inbetweening  is  a "must"  to  enable  the  recognition  of  the  smooth 
transition  of  folding  pathways.  Were  it  not  for  the  role  of  inbetweened 
frames,  the  entire  modon  sequence  would  be  a discrete  array  of  spatially 
irrelevant  images.  The  inbetween  frames  help  the  viewer  conceptualize  the 

Problem  4 and  problem  7,  although  apparently  different,  are  practically 
■he  same  in  light  of  the  interpolation  schemes.  If  the  approximating  splines 

scene,  problem  4 occurs.  If  the  same  appronmating  splines  are  applied  to  the 
motion  path  of  a single  atom  to  produce  the  path  trajectories  over  a span  of 
time,  problem  7 occurs.  Since  visual  interactivity  is  extremely  important  in 

animation  mode  and  the  static  mode  should  be  secured  right  from  the 
beginning.  Therefore  this  dissertation  adopts  interpolating  splines  both  for 
the  determination  of  static  shapes  of  individual  frames  and  the 
determination  of  the  motion  path  of  individual  atoms  between  the  frames. 
This  way.  the  backbone  curves  will  pass  through  the  backbone  atoms  and  the 
motion  path  will  hit  the  key  frames  made  up  of  folding  intermediates. 

The  adoption  of  interpolating  splines  naturally  invokes  problem  5 and 
problem  3,  which  are  inherent  misbehaviors  of  interpolating  splines  in  space 
and  time  domains,  respectively.  Could  we  remove  the  wiggles  from  the 
interpolating  splines?  Chapter  3 resolves  these  problems  by  developing  a 


interpolabng  spJines.  Could  the  motion 

produced  by  spline  techniques  In  general. 
In  summary,  the  aims  of  this  disserU 
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be  controlled  at  will?  Chapter 
on  speed  on  the  path  trajectories 


2.  Control  of  the  moHon  speed  in  animation. 

3.  Development  of  a new  model  for  molecular  animation. 

Chapter  3 deals  with  the  first  category  while  Chapter  4 handles  the  second. 
Chapter  5 describes  the  development  of  a prototype  system  as  an 


Chapter  2 explains  fundamental  concepts  involved  in  the  spline 
techniques  used  in  computer  graphics.  Spline  functions  in  the  context  of 
parametric  curves  are  stated.  Visual  continuity,  one  of  the  most  important 
concepts  used  in  developing  our  new  class  of  splines,  is  described  in  this 

Chapter  3 develops  a new  class  of  interpolating  splines  called  free  form 
splines,  which  are  visually  continuous.  Chapter  3 is  organized  as  follows: 


slecula 
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3.  MathecnaticaJ  de&ution  oF  general  free  form  splines  Ls  presented. 

4.  Malhemalical  definidon  of  visually  continuous  free  form  splines 

5-  Four  characteristic  types  of  free  form  splines  are  defined  in  terms 
relevant  tangent  vectors. 

wiggles. 


itional  approach 


design  of  motion  path,  are  described. 


Chapter  4 develops  a method 
animation.  It  is  organized  as  follows: 


controlling  the  motion  speed 
on  speed  is  described  in  terms 


2.  Research  relevant  to  the  control  of  speed  is  summarized. 


3l  method, 


called  dynamic  k 


by  a pseudo'code. 

6.  Error  analysis  of  the  algorithms  is  presented. 

Chapter  5 desrribes  an  application  of  the  above  techniques  to  the  scripts 
of  protein  folding.  This  chapter  develops  a prototype  system  that  uses  the  free 
form  splines  developed  in  Chapter  3,  both  for  the  rendering  of  the  backbone 
and  the  motion  path.  The  dynamic  knot  spacing  developed  in  Chapter  4 is 
incorporated  into  the  prototype  system  to  control  the  motion  speed  In 
animation.  Chapter  5 is  organized  as  follows: 

1.  Following  an  introduction,  general  background  knowledge  of  protein 
chemistry  as  applicable  to  the  problem  is  summarized. 

animation  in  particular,  is  made. 

4.  Considerations  involved  in  the  design  of  the  prototype  system  are 
expiairred. 

5.  Experimental  frames  resuldng  from  the  prototype  system  are  Ulustraled. 

Chapter  6 summarizes  the  major  accomplishments  and  contributions 
of  this  dissertation. 


CHAPTER2 

PREREQUISITES  AND  REVIEW  OF  SPUNE  FUNCTIONS 

viewed  as  the  origin  of  Computer  Aided  Geometric  Design  (CAGD).  Until  the 
I960's  the  only  reliable  tool  for  the  communication  between  the  designers 
and  the  manufacturers  had  been  numbers.  For  instance,  in  a cac'body 
engineering,  the  surface  had  to  be  totally  expressed  with  numbers.  Since  the 
numbers  were  at  best  a disOTte  approximation  of  the  continuous  real  shape,  a 
set  of  curves  was  carved  in  a 3D  model  and  actual  interpolation  to  mold  the 
shape  was  left  to  the  experience  of  highly  shilled  patternmakers. 

With  the  introduction  of  the  BfeSer  curve  [BixTOI.  CAGD  had  a major 
breakthrough.  Being  parametrically  represented,  this  curve  scheme  enables 
all  data  to  be  expressed  exclusively  by  a few  numbers.  Since  the  specification 
of  numbers  defines  the  entire  curve  shape,  the  shape  could  be  standardized 
regardless  of  the  experience  of  the  patternmaker.  Taking  advantage  of  this 

schemes  that  could  interpolate  or  approximate  given  numbers  so  that  CAGD 
could  be  further  applied  to  the  design  process  in  general. 

This  chapter  describes  the  prerequisite  terms  and  deimitions  for  such 

graphics  to  facilitate  further  discussion  in  subsequent  chapters.  Only  those 
terms  necessary  for  the  explanadon  of  our  approach  will  be  given  and  the 
coverage  of  previous  work  will  be  limited  to  this  purpose.  Research  done  in 
very  specific  areas  will  be  addressed  in  later  chapters. 
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Often,  a purely  mathematical  definition  of  a term  involving 
redundant  symbols  and  terminologies  makes  a concept  extremely  difficult  for 
graphic  designers  to  understand.  Therefore,  preference  is  given  to  more 
concise  yet  precise  representation  of  such  a mathematical  definition.  For 
example,  the  matrix  representation  of  a spline  function  is  easier  to 
understand  [SmiSSl  and  thus  has  been  more  widely  used  than  polynomial 
representation.  The  descriptions  in  this  chapter  are  given  in  such  a way  that 
complicated  mathematical  dellnitions  are  minimized. 

Parametric  Curves 

Although  a curve  may  be  presented  by  a collection  of  points,  provided 
they  are  closely  spaced,  there  are  several  reasons  why  a mathematical 
representation  is  popularly  used  in  computer  graphics.  The  advantage  of  a 
mathematica]  representation  is  that  it  is  precise  and  the  properties  of  curves 
such  as  slope  can  be  easily  calculated  from  it.  Moreover,  it  can  be  stored 
compactly  in  a computer  in  the  form  of  equations. 

Either  a parametric  or  a nonparametric  form  can  be  used  to  represent  a 
curve  mathematically.  An  explicit  nonparametric  space  curve  is  given  by  a set 
of  equations  of  the  form 

y = f(x) 

z = g(x) 

f and  g are  arbitrary  mappings  from  x to  y and  z,  respectively. 

For  instance,  let  f (x)  be 


Given  the  coordinates  of  three  data  points  in  space,  it  is  simpie  to  get  the  a,  b. 
and  c vaiue  so  that  the  x*y  relationship  of  the  curve  passing  through  the 
points  can  be  calculated.  However,  such  nonparametric  expressions  are 
inadequate  for  the  purpose  of  computer  graphics.  The  reasons  are  as  follows: 

1.  Frequently,  the  situation  arises  where  coordinates  of  one  data  point  and  the 
slopes  of  two  data  points  are  spedfied  instead  of  spedfying  three 
coordinates.  If  the  slope  is  taken  a data  pcdnt  where  the  curve  slope  is 
perpendicular  to  the  >-axls,  the  value  of  the  slope  will  become  infinity, 
making  evaluation  of  the  coeffidents  impossible. 

2.  If  the  curve  shows  dosed  forms  such  as  loops,  there  will  be  multiple  values 
becomes  difficult. 

3.  When  points  on  a nonparametric  curve  are  calculated  with  equal 

along  the  length  of  the  curve  so  that  the  quality  and  accuracy  of  the 
graphical  output  Is  affected. 

These  difficulties  are  caused  by  axis-dependency,  and  can  be  avoided  by 
parametric  form,  each  coordinate  of  a point  on  a curve  is  represented  as  a 
position  vector  for  a point  on  a curve  is  expressed  by  the  parameter.  For 


instance,  the  three  Cartesian  components  of  a space  curve  in  terms  of  a 
parameter  t,  are  written  as 

y = *2(0 


f^,  £2,  £3  are  arbitrary  functions  from  t to  a,  y,  z,  respectively. 

Since  a point  on  a parametric  curve  is  specified  by  a single  parameter  value, 
the  parametric  form  is  axis*independent.  For  instance,  the  equation  of  a unit 


can  be  converted  into  parametric  form  as 
m - (x,y) 

with 


While  angle  8 varies  from  zero  to  360  degrees,  a dosed  drcle  can  be  generated 
without  producing  the  dual  y values  appearing  in  the  nonparametric 
representation.  The  tangent  vector  of  a point  on  the  drcle,  with  respect  to  the 
parameter  8,  is  given  by 

P(8)  s (-sine,  cos 8). 

In  contrast  to  the  infinite  tangent  of  the  nonparametric  form  with  an  x value 
of  one,  the  parametric  tangent  with  a 6 value  of  zero  does  exist  and  is  not 
infinite. 

These  advantages  of  parametric  representation  have  led  to  its 
popularity  as  a tool  for  computer  graphics,  so  that  most  interpolation  schemes 


are  developed  with  parametric  notation.  Our  approaches  appearing  in  the 
subsequent  chapters  will  also  be  developed  and  explained  with  parametric 


from  its  physical  counterpart,  a mechanical  device  used  by  drafrsmen  to  fit  a 
curve  of  minimum  curvature  through  successive  points  of  a set.  Physically,  a 
spline  (Hea86,  Rog76,  5nriS3]  is  a flexible  strip  which  is  bent  under  the  weight 
of  heavy  metals  placed  to  control  the  resulting  shape.  By  varying  the  number 
and  position  of  the  lead  weights,  the  spline  can  be  made  to  pass  through  the 
spedfled  data  points  such  that  the  resulting  curve  appears  smooth  or  fair. 

From  a mathematical  point  of  view,  the  problem  of  defirting  a curve 
from  a known  set  of  data  points  is  one  of  inlerpokiwn.  For  instance,  a curve 
can  be  made  to  pass  through  all  known  points  by  use  of  polynomial 
interpolation.  It  is  Important  to  note  that  a clear  disdncCion  is  made  between 
the  definition  of  the  above  interpolatory  polynomial  and  the  polynomial 
used  as  a spline.  For  instance,  given  ten  data  points,  an  inlerpo/atory 
polynomial  is  a single  polynomial  passing  through  all  ten  points.  On  the 
other  hand,  a spline  is  a piecewise  polynomiai  passing  through  a subset  of  the 
ten  data  points.  The  complete  curve  Is  produced  by  linking  the  adjacent 
polynomials  at  some  joints  between  the  subsets.  In  the  example,  three  of  the 

to  form  the  final  curve.  In  general,  the  mathematical  spline  is  a piecewise 
polynomial  of  degree  K with  continuity  of  derivatives  of  order  (K-1)  at  the 


common  joints  between  segments.  For  instance,  the  cubic  spline  has  second 

poiynomial.  It  can  be  any  (unction  including  the  exponential  and 
trigonometric  (unctions.  However,  the  polynomial  gained  popularity  in 
computer  graphics  because  it  is  simple  and  easy  to  evaluate,  and  infinitely 
differentiable  on  those  points  of  a curve  which  do  not  belong  to  data  points. 

A curve  generated  by  such  pieces  of  splines,  expressed  in  terms  of  the 
parametric  representabon,  can  be  defined  as  a continuous  map  of  a collection 
of  intervals  (u,  < ..  < u„)  into  three-dimensional  space.  Figure  2-1  illustrates 

from  5 into  the  space  curve  P(s).  Inidaliy,  points  Fj  through  P,  can  be  regarded 
as  the  points  on  the  curve  P(u)  corresponding  to  the  parameter  U|  through 
Uj  so  that  the  curve  P(u)  is  the  mapping  from  the  u-parameter  domain  into 
the  three-dimensional  space.  Each  real  number  Uj  in  this  sense  is  defined  as  a 
breakpoint  or  a knot  and  the  collection  of  all  u,  is  called  the  knot  eetjuence. 
Note  that  the  formal  definition  of  the  knots  distinguishes  knots  from  data 
points.  The  data  points  ate  the  points  in  three-dimensional  space  while  the 
knots  are  the  corresponding  parameter  values  used  for  the  generation  of  the 
space  curve  that  interpolates  them.  A local  parameler  s for  the  interval  luj , 
Uj]  is  defined  by  setting 


global  parameter  u varies  from  Uj  to  Uj.  It  is  by  this  mapping  from  the  u- 
parameter  domain  into  the  s-parameter  domain  that  every  piecewise  spline 
can  be  expressed  in  terms  of  the  normalized  parameter  (0  S s S 1).  Because  of 
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this  inapping,  one  can  indiacriminately  generate  the  expression  tor  each 
piecewise  polynomiaJ  without  paying  attention  to  the  actual  values  of  the 
knot  parameter  u.  Subsequently,  curve  Pis)  is  a collection  of  piecewise 
polynomials  as  a function  of  the  parameter  s 

Since  the  polynomial  is  infinitely  differentiable  on  the  curve,  the 
problem  of  differentiability  is  conceded  with  the  data  points  making  up  the 
Joints  between  two  adjacent  piecewise  splines.  For  Instance,  suppose  a cubic 
spline  P^(s)  that  interpolates  two  data  points  Pj,  with  normalized 
parameter  s.  Furthermore,  assume  that  we  know  the  derivatives  at  the 
points,  P]  and  ?2.  Then  the  equation  of  a cubic  polynomial  curve  satisfying 
these  four  constraints  is 


Pl(s)  = Is3s2slJ 


ttl) 


This  equaKon  is  for  one  cubic  spline  segment  and  can  be  generalized  for  any 
two  adjacent  cubic  segments.  If  additional  cubic  spline  segments,  P2(s) 
through  P„.](s)  are  assumed  to  inlerpolate  intervals  IP2,P3l  through  IPn.],Pn'' 
the  curve  interpolating  the  points  Pj  through  P^  is  made  up  of  a combination 
of  piecewise  splines  P|(s)  through  Pn.](s). 

Let  us  apply  the  preceding  definition  of  a mathematical  cubic  spUne 
which  is  two  times  differendabie  (C^  conlimous)  at  the  joints.  To  impose  Ihe 
second  order  continuity  constraint  at  the  joints,  we  are  supposed  to  specify  the 
positions  of  the  n data  points  and  the  two  endpoint  derivatives,  Pj  and 
The  Qrst  order  derivatives  at  intermediate  data  points  cannot  be  specified 
arbitrarily.  Instead,  they  are  calculated  by  the  constraints  of  second  order 
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contijuiity.  For  instance,  if  the  number  of  data  points  n is  equal  to  three,  the 
derivative  at  the  point  Pj  is  caiculated  by  setting 
d^  P,ts)  I P,(s)  I 

ds^  ls  = i ds’  ls  = o 

In  generai,  the  first  order  derivatives  of  the  intermediate  data  points  are 
computed  by  solving  the  tiidiagonai  matrix  equation 


pj  MP^-Pj) 

afPs-Pj) 


n is  the  the  number  of  data  prams  to  be  interpolated, 

P]  and  P„  are  the  first  and  last  data  point 
The  coefficient  matrix  of  this  equation  is  diagonally  dominant;  the  solution 
exists  and  is  unique  lFar90J.  The  calculated  first  order  derivatives  are  used  to 
produce  the  corresponding  piecewise  spiines  in  each  interval. 

Although  the  above  mathematical  cubic  spline  is  twice  differentiable  at 
data  points,  it  is  not  local  and  therefore,  it  is  seldom  used  in  computer 
graphics.  That  is,  if  a position  of  a point  is  modified,  the  above  system  of 
linear  equations  should  be  evaluated  again  for  all  the  first  order  derivatives. 
Consequently,  the  change  of  a single  data  point  propagates  and  modifies 
entire  piecewise  sphnes.  This  loss  of  locality  has  kept  the  mathematical  cubic 
spline  from  bnng  widely  used,  since  an  attempt  lo  modify  only  a porfion  of  a 
curve  will  affect  all  other  portions  of  a curve  which  are  already  completely 
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designed.  In  eonlrsst,  if  Ihe  cubic  spbne  has  only  the  continuily  of  first  order 
derivatives,  the  interpolating  curve  changes  only  in  the  vicinity  of  that  point. 
The  tradeoff  for  the  lower  differentiability  is  locality  of  the  splines.  Our 
research  is  mainly  concerned  with  those  kinds  of  cubic  splines  which 
preserve  locality. 

The  most  common  splines  employed  in  computer  graphics 
applications  ore  local  cubic  splines,  local  because  displacement  of  a knot  affects 

computational  complexity.  Moreover,  it  is  of  the  lowest  degree  space  curve 
which  allows  a point  of  inflection  and  thus  has  Ihe  ability  to  twist  through 
space  |Rog761.  Local  cubic  splines  can  be  categorized  into  inlerpolaling  splines 
which  pass  through  their  data  points  and  approximating  splines  in  which 
data  poims  are  used  only  to  control  the  curve  shapes.  To  provide  more 
smoothness  near  data  points,  the  approximating  splines  have  continuily  of 
the  second  order  derivative.  The  price  paid  is  that  the  data  points,  with  the 
exception  of  endpoints,  are  no  longer  on  the  curve.  The  data  points  act  on  the 
shape  which  they  typically  define,  only  remotely.  Because  of  this  property  of 
the  approximating  splines,  the  data  points  are  often  called  control  points. 

Because  of  the  undesirable  feature  that  the  data  points  are  not  on  the 
curve,  approximating  splines  require  practice  in  figuring  out  the  resultant 
shapes  when  the  sample  points  are  changed.  In  general  usage,  the  data  points 
are  repetitively  modified  cm  a trial  and  error  basis  until  an  acceptable  shape  is 
achieved.  Because  of  this  property,  approximating  splines  are  often  used  as  a 

done  using  interpolating  splines. 


Interpolating  splines  are  referred  to  by  several  different  names:  the 
cardinal  spline,  the  Calmuff-Rom  spline,  or  the  Onerhauser  spline- 
Tensloned  Catmull-Rom  splines  are  often  called  cardinal  splines. 


them  ideal  for  our  animation  system  despite  their  relative  shortcoming  that 
sample  points  have  only  the  first  order  derivative  continuity. 


This  section  desoibes  a visually  continuous  class  of  splines  which  will 
be  mathematically  defined,  proved,  and  extended  in  the  next  chapter. 

Smoothness  of  a curve  [Rog7S,  LanS6]  is  defined  in  terms  of  its 
differentiability  from  a mathematical  point  of  view.  A curve  which  is  two 
times  differentiable  is  smoother  than  one  with  the  continuity  of  first  order 
derivative  near  data  points.  As  is  known  from  fundamental  calculus,  the 
term  differentiable  or  to  have  continuous  derioative,  means  that  both  the  left 
and  right  derivatives  exist  and  that  their  magnitudes  and  directions  are 
identical.  To  fulfill  this  requirement,  individual  derivatives  of  the  x,  y,  z 
component  of  Cartesian  coordinates  with  respect  to  a parameter  should  be  of 
the  same  magrtitude. 

Nevertheless,  it  is  a known  fact  in  computer  graphics  that  the 
parametric  tangents  do  not  provide  an  appropriate  measure  of  continuity  in 
the  context  of  geometry  |Bart87,  BarsSS,  Far90).  For  instance,  Rgure  2-2  shows 
two  piecewise  first  order  splines  given  by 

P,(s)  = |2s,  si 


pass  through  given  data  points  and  this  property  makes 


Visual  Continuity  Conditions 


and  the  parametric  first  derivative 


(QSSSl) 

(0Ss£l| 


Even  if  the  segments  join  with  a discontinuous  paiacnetric  first  derivative 
vector,  the  joint  at  |2  , I|  is  visually  continuous.  Figure  2-3  is  another  example 
illustrating  the  fact  that  the  visual  continuity  does  not  necessarily  coincide 
with  the  continuity  of  the  parametric  derivative.  The  line  segments  are. 


Fl(s)  . (aOs-s’l  , b(2s-s^)  (OSSSl) 

Pj(s)  = [a  + <c  • a)s^  , b (1  - s^lj  (0  S s S 1). 

Therefore,  the  parametric  first  derivative  vectors  become 

P,(s)  - (a(2-2s)  , b(2-2s)|  (OSsSl) 

Pj(s)  = [2(c-a)6  . -2bs)  (OSsSl). 


Since  both  derivatives  evaluated  at  the  joint  are  the  same  with  the  value  of 
aero,  the  parametric  first  derivative  is  continuous  at  the  joint  positioned  at  (a 
, b).  Mathematically,  this  continuity  is  called  the  C'  conimaity.  Nevertheless, 
the  two  line  segments  at  that  point  exhibit  a cusp  which  is  far  from  visually 
continuous. 

Visual  continuity  is  defined  in  terms  of  the  continuity  of  the  unit 
tangents.  If  the  unit  tangent  of  the  left  and  right  segment  at  a joint  is  identical, 
it  is  visually  c’  continuous.  The  unit  tangents  of  the  line  segments  at  the 
joint  are  the  same  in  the  Figure  2-2, 

so  that  it  is  g'  continuous.  On  the  other  hand,  those  of  Figure  2-3  are 


(0£s£1) 
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Except  for  the  c value  of  2a,  it  is  not  g’  conttnuous  by  definition. 

rather  than  the  tangent  vectors,  the  mathematical  continuity  condition  could 
conform  to  the  visual  perception.  In  addition  to  maintaining  the  same  visual 

splines.  These  advantages  of  the  visually  continuous  splines  will  be 
extensively  exploited  in  Chapter  3- 

Literature  Review 

In  approximation  theory,  mathematicians  have  developed  various 
numerical  analogs  of  splines,  well  before  cubic  splines  were  widely  used  in 
the  computer  graphics  field.  Among  approximating  functions,  polynomial 
interpolation  became  a focus  for  study  because  polynomials  are  easy  to 

classical  (precomputer)  numerical  analysis  was  concerned  with  finding  a 
polynomial  which,  when  interpolated  between  tabulated  values  of  fiincUons, 
could  best  recover  the  original  function  values. 

The  Lagrange  form  of  interpolating  polynomial  [JacTO,  lacSI ) expressed 
in  terms  of  parameter  s is  given  by 
P(s)  = 

with  the  Lagrange  polynomial 
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where 

P,  (i  = O.jO  ue  data  poinis  to  be  interpolated, 

5j  ()  s 0..n)  axe  knot  values  corresponding  to  Fj  (i  = 0..n). 

Despite  its  concise  formulation,  Lagrange  interpolation  has  two  problems 
which  limit  its  applicability  in  computer  graphics.  First,  it  oscillates  as  the 
order  of  the  polynomial  increases  and  the  shapes  of  the  original  curves  are 
not  guaranteed  to  be  preserved.  This  effect  is  often  referred  to  as  the  *'Rtmge 
phenomenon"  |Pai90].  Second,  modification  of  one  point  affects  the  whole 
curve  shape  at  the  expense  of  costly  compulation.  That  is,  the  Lagrange 
polynomial  lacks  in  locality.  In  most  cases,  this  is  not  desirable  for  design 
purpose  since  modificalion  in  one  portion  of  a curve  must  not  jeopardize 
other  completed  portions  by  changing  the  entire  shape. 

The  Bezier  curve  IBSz70,  B6z74,  For72)  represents  one  of  the  earliest 
attempts  to  develop  a flexible  curve  scheme  in  computer-aided  design. 
Starting  with  de  Casteljau's  recursive  algorithm  lBait87,  FarSO),  BSzier 
derived  an  equation  for  a piecewise  approximating  polynomial,  which  was 
used  by  Renault  to  design  car  bodies.  As  adapted  by  Bernstein  [For72,  Gor74al, 
Ihe  dosed  form  of  the  B4zier  curve  is 

B"{s)  = X“i  B"(s) 


with  the  Bernstein  polynomial 


n is  the  order  of  the  Bdder  curve, 
s is  the  normalized  knot  parameter, 

(i  - O.m)  are  data  points  to  be  interpolated. 
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Notice  that  the  curve  passes  through  the  two  end  points  Bq,  but  not  the 
convex  hull  property  IFar90].  Since  the  coefficients  Bj*'  (s)  are  all  nonnegative 

the  definition  of  the  convex  hull  of  a point  set  as  the  set  that  is  formed  by  all 
convex  combinations  of  a point  set  More  intuitively,  the  convex  hull  can  be 
said  to  be  a polygon  bounded  by  the  data  points  in  the  planar  case. 

A B6zier  curve  of  the  above  form  represents  a smooth  curve  over  a 
range  of  control  points.  These  piecewise  Bezier  curves  can  be  Joined  end-to- 
end  to  form  a composite  Bdzier  curve.  At  the  joints  of  the  individuai  curve 
segments,  certain  continuity  conditions  need  to  be  met  to  preserve  the  overall 

ICar76l  in  a composite  Bizier  curve  requires  that  the  change  of  control  points 
sadsfy  certain  constraints  [Far9Q]  on  knot  rabos.  Therefore,  if  some  control 
point  is  modified  arbitrarily  to  reshape  curves  adjacent  to  that  point,  the 

The  B-splines  [Gor74bl  were  devised  such  that  the  same  order  of 
continuity  remains  after  modification  of  control  points.  Geometric 
interpretation  of  B-splines  in  terms  of  the  Bdzier  curve  can  be  found  in  IFar90, 
Bart87).  Sharing  the  basi$  function  with  the  Bdzler  curve,  the  B-splines  inherit 
the  convex-hull  property  |Har87]  from  the  B6zier  curve.  Matrix 
representation  [SmlSSj  of  the  cubic  B-spline  is 
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= [*3  *2  6 1]  i 


-1  3 -3 
3-631 


s is  the  parameter  value  in  the  range  of  (0  £ s S 1), 

P|  and  ate  internal  control  points  corresponding  to  s = 0 and  s = 1, 
Pj.i  and  Pj^2  4re  conaol  points  neighboring  P^  and  Fj.^  respectively. 
Noticing  that  continuity  of  parametric  derivative  is  not  a proper  measure  of 
visual  continuity.  Barsky's  p spline  [Bars83,  BarsSSI  incorporated  a G' 
continuous  |BartS7]  tangent  vector  with  first  and  second  order  continuity.  It  is 
important  to  note  that  the  ^ spline  belongs  to  the  class  of  approximating 
splines.  Hence  the  continuity  is  preserved  at  some  points  on  the  curve 
corresponding  to  the  data  points,  but  not  at  the  data  points  themselves. 
Expressed  explicitly,  continuity  of  the  unit  tangent  vector  and  the  curvature 
vector  persists  if 

where 

^”(0)  is  the  1st  order  left  derivative  at  vertex. 

C^'*(l)  is  the  1st  order  right  derivative  at  vertex, 

C^’CO)  is  the  2nd  order  left  derivative  at  vertex, 

C^^^^il  is  the  2nd  order  right  derivative  at  vertex,  and  Pj,  p.  are  shape 
control  parameters. 

With  the  simple  observation  that  a curve  can  preserve  its  visual  continuity 
when  the  lutil  tangent  vector  rather  than  the  tangent  vector  is  identical  for 
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the  left  and  right  derivaHves,  Barsky  could  naturally  deduce  beta  paramelers 
as  a by-product.  Upon  inspection  of  these  two  parameters  (0],  Pj)  for  their 
effect  on  the  shape  of  a curve,  they  are  referred  to  as  kiss  and  tension 
parameters,  respectively.  The  bias  parameter  controls  the  direction  of  the 
slope  at  a data  point,  while  the  tension  parameter  controls  the  linearity  of  the 
curve  segments  near  data  points. 

The  cubic  B-spline  and  the  p spline  are  powerful  modeling  tools;  they 
are  able  to  model  complex  shapes  easily.  This  'modeling"  is  carried  out  as  an 
approximation  process,  manipulating  the  control  points  until  a desired  shape 
is  achieved.  However,  the  interpolating  process  should  also  be  incorporated 
even  if  one  uses  approximating  splines  as  a modeling  tool.  It  takes  the  role  of 
final  refinement.  The  precision  requirement  that  the  curve  pass  through  a 
given  data  set  can  now  be  imposed  on  the  rough  curve  generated  by  the 
approximation  process.  While  both  B-spline  and  p spline  have  cliscarded 
interpolatory  character  to  get  the  elegance  of  continuity,  there  have  been 
endeavors  to  deduce  a class  of  interpolating  splines  which  is  capable  of 
generating  a smooth  interpolating  function  with  C'  continuity  only. 

Catmull  [Cat74l  crafted  the  "Catmull-Rom  spline"  by  separating 
blending  function  (Har87)  from  the  cardinal  functions  being  blended.  This 
concept  applies  to  any  blending  function  and  to  any  cardinal  function  to 
produce  a wide  class  of  splines.  As  one  example  of  this  class  of  splines, 
blending  linear  cardinal  function  with  a B-spline  basis  function  yields  a cubic 
interpolating  polynomial.  This  polynomial,  in  matrix  notation,  becomes 
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P(S)  = Is3  s2  s I)  i 


-13-3  3 -ir  '■>•1 

2-5  4-1  Pj 
-10  10  P„, 


Pj,  (k  s (1-1) ...  are  the  control  pc^ts, 
s is  the  parameter  value  in  the  range  (0  £ 6 £ 1). 

As  was  iruended,  this  cubic  polynomial  maintains  interpolatory  character  at 
the  eicpense  of  continuity. 

The  above  spedal  case  of  Catmull-Rom  spliire  was  not  first  to  appear. 
Brewer  and  Anderson  [BreTTl  repeated  and  described  a lesser  known  spiine 
cailed  the  Overhauser  curve  (Ove68l  which  was  developed  well  before  the 
Cafinull-Bom  spline.  The  Overhauser  method,  developed  at  Ford  Motor 
Company  in  1958,  resorted  to  parametric  blending  function  without  any  a 
priori  knowledge  of  spIllHng  or  of  B-splines.  Given  four  consecutive  data 
points,  P|,  Pj,  Pj,  P4,  a parabola  A can  be  made  to  interpolate  the  points  P],  Pj, 
Pj.  Similarly  another  parabola  B can  interpolate  Pj,  P3,  P4.  Then  the  linear 
blending  of  the  parabola  A and  B yields  the  cubic  spline  whidt  is  effective  on 
the  region  IPj,  P3I.  This  method  forms  the  platform  for  the  development  of 
the  new  class  of  splines  discussed  in  Chapter  3. 

Often  designers  treed  to  specify  the  slopes  instead  of  interpolation 
points.  In  the  case  of  the  cubic  spline,  for  example,  they  may  indicate  positions 
and  slopes  at  two  internal  points  instead  of  positions  at  four  points.  The 
qtrestion  is,  "Given  data  points  and  corresponding  tangent  vectors,  find  a C’ 
piecewise  cubic  polynomial  that  interpolates  the  given  data." 
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Cubic  Hermile  interpolalion  |Jac87,  FartOI,  when  appbed  to  the  end 

Pis)  = P|  B^(s)  * Pj.,  b|<s) 

1 Di  5 

* CP,  ♦ ^Bfis)  * (P,.,  -yiBlte) 


P|  and  P,*,  are  two  end  points  of  the  region  of  concern, 

Dj  and  D,,,  are  slopes  conesponding  to  Pg  and  P,, 
bJ(s)  0 = 0.3)  is  the  Bernstein  polynomial  on  parameter  s. 

In  matrix  form,  the  above  equation  simpliHes  to  Equation  Z1  with  P,  replaced 
by  D|.  Interestingly,  this  formulation  of  the  Hermite  polynomial  Includes  the 
CatmuJl-Rom  spline  as  a proper  set.  Catmull-Rom  spline  falls  into  the  special 
case  of  Hermite  polynomial  if 
Pj  * tl’isi  - Pi-i)  / 2 and 

= (Piti-Pp/Z- 

Kochanek  [KocB4]  noted  this  similarity  and  inserted  muitipljcation  constants 
in  the  expression  for  D,  and  looked  into  the  resulting  changes  in  the  curve 
shapes.  Variation  in  these  multiplicadon  constants  led  him  to  define  such 
parameters  as  bias,  tension  and  continuily.  This  method  is  compared  in  detail 


rtrol  of  curve  sltapes  in  Chapter  3. 


38 


CHAPTERS 

THE  FREE  FORM  SPLINES 


InLTOdijctton 

TSie  development  ot  computer'alded  geomebic  design  reUes  on  a wide 
range  of  mathematical  methods  for  curve  and  surface  fitting.  The  need  for 
fitting  curves  and  surfaces  arises  principally  from  the  fact  that  many  physical 
phenomena  are  continuDus,  although  our  measurement  of  them  is  discrete. 
Prom  the  discrete  information,  we  try  to  reconstruct  the  continuum  using  the 
mathematical  tool  called  spline  interpolation  . 

In  our  situation,  the  position  of  atoms  as  represented  by  numbers 
constitutes  such  discrete  information.  Consider  an  atom  out  of  a large 
molecule.  During  the  folding  process,  the  atom  will  change  its  position  as  a 
function  of  Hme  to  stabilize  itself  as  dictated  by  the  folding  dynamics. 
However,  because  of  the  difficulties  involved  in  the  measurement,  only  a 
limited  number  of  inlermediafe  scenes  can  be  captured  experimentally. 
Therefore,  the  distance  between  the  intermediate  scenes  will  become 
unavoidably  long. 

The  same  holds  true  if  such  a folding  process  is  simulated  by  a 
computer  technique  called  energy  minimization-  For  each  step  of  the 
computation,  the  method  tries  to  find  a more  stable  atomic  position  by 
minimizing  the  sum  of  inter-atomic  potentials,  and  the  output  of  each  step 
makes  up  a specific  folding  intermediate.  As  long  as  the  new  position  yields 
less  potential,  the  technique  will  reposition  the  given  atom.  Although  the 
intermediate  scenes  can  be  more  continuous  if  the  distance  is  kept  short,  no 
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the  dislati 


There  ere  two  aspects  in  the  animation  of  protein  folding  that  require 
Interpolation.  First,  motion  paths  of  individual  atoms  which  make  up 
folding  intermediates  should  be  interpolated.  If  an  atom  at  position  A at  time 
t|  moves  into  position  B at  time  t2,  interpolation  is  needed  to  produce  extra 
animation  frames  of  the  atomic  positions  between  the  time  interval  lA.BI. 

backbone  curve  which  passes  through  the  positions  of  the  backbone  atoms. 
Because  our  animation  system  alms  at  viewing  the  folding  process  in  the 
secondary  structure  level  represented  by  a backbone  curve,  it  is  imperative  to 
interpolate  a given  sequence  of  atoms.  Therefore,  an  Interpolation  scheme 
could  be  used  both  for  the  generation  of  a motion  path  of  an  atom  and  the 
generation  of  a backbone  curve  in  a static  scene. 

For  reasons  to  be  explained  in  Chapter  5,  our  animation  model  is  based 
on  the  two  principles  in  view  of  the  interpolation  scheme.  First,  the  curve 
representing  the  motion  path  should  pass  Ihrough  the  folding  intetmediales. 
In  terms  of  the  above  example,  the  generated  curve  should  hit  both  posidorts 
A and  B.  Second,  the  curve  representing  the  backbone  should  also  pass 
through  all  the  backbone  atoms.  Therefore,  usage  of  the  iRisrpolaling  spline 
rather  than  the  epproximilmg  spline  is  essentia]  for  our  animation  system. 

The  ordinary  cubic  cardinal  spline,  a tradidcmal  interpolating  spline 
which  has  been  widely  used,  has  an  intrinsic  undesirable  visual  properly 
known  as  a wiggle.  Figure  3-1  shows  the  motion  path  of  a backbone  atom 
generated  by  a cardinal  spline.  In  the  time  interval  [tj.l^J.  the  moHon  path 
abnormally  deviates  from  a reasonable  track.  Often,  this  type  of  curve 
behavior  is  called  the  wiggle.  Due  to  the  popularity  of  cardinal  splines,  there 
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are  numerous  expressions  describing  similar  behaviors  such  as.  an 
exiraneous  inflection,  an  oscillation,  an  overshoot,  a itini:,  or  a vibration  ot 
the  curve.  In  addition  to  this  criticai  demerit,  the  motion  path  of  the  interval 
[12,13]  is  nearly  linear,  thus  making  the  movement  of  the  atom  quite 
uruiatural.  While  the  curve  shows  a wiggle  in  a relatively  short  interval,  it 
tends  to  be  Linear  in  the  longer  interval.  The  linearity  diminishes  one  of  the 
visual  advantages  of  cubic  splines,  that  they  can  induce  arbitrary  inflection 
and  twist  so  that  the  curve  looks  more  smooth  and  natural.  Although 
cardinal  splines  do  not  necessarily  exhibit  this  property  at  all  times,  the 
inherent  tendency  to  wiggle  in  short  intervals  and  to  linearize  in  the  longer 
interval  is  always  present  and  it  is  amplified  as  the  distance  between  the 
Intervals  varies  widely.  The  same  phenomenon  can  happen  in  the 
generation  of  the  backbone  curves.  If  the  five  atomic  positions  in  Figure  S-1 
are  considered  as  five  different  atoms  in  the  space  domain  on  a given  time, 
the  backbone  curve  representing  these  atoms  will  suffer  a similar  problem, 
showing  a loop  and  a line  segment.  This  problem  must  be  resolved  for  our 
system  to  work  properly  since  the  atomic  positions  during  the  folding  process 
are  not  known. 

This  chapter  is  mainly  concerned  with  the  removal  of  the  wiggles 
appearing  in  the  ordinary  cardinal  splines.  An  example  of  our  approach  is 
illustraled  in  Figure  3-1  The  wiggle  during  the  time  interval  [13,1,1  is  removed 
by  an  interpolation  scheme  called  the  type  I free  form  spline.  Moreover,  the 
linearity  in  the  interval  [12,13]  can  be  alleviated  by  this  scheme.  Most 
importantly,  the  tendency  to  wiggle  and  linearize  becomes  controllable,  since 
it  is  based  on  a class  of  splines  with  G’  continuity  rather  than  the  C'  splines, 
to  which  the  ordinary  cardinal  splines  belong. 
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Figure  3-1.  InlerpolaLon  by  an  ordinary  cardinal  spline.  A curve  representing 
Che  motion  path  of  an  alpha  carbon  is  shown  with  a thick  line.  The  alpha 
carbon  is  a constituent  of  the  backbone  atoms.  Each  t,  indicates  the  elapsed 
time  during  the  folding  process. 


Figure  3-2.  Imerpolaaon  by  Type  1 spline  showing  the  removal  of  the  wiggle 
and  alleviation  of  the  linearity.  This  class  of  splines  assures  the  G'  continuity 
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Jjleralure  Review 


Wiggles  can  be  regarded  as  an  expression  of  tension  inherent  to  the 
splines.  If  the  wiggles  are  properly  controlled,  they  will  lead  to  a visually 
pleasing  inflection  and  twist.  For  inslancfi.  if  the  tendency  to  wiggle  in  Figure 
3-1  is  distributed  to  the  longer  interval,  and  the  tendency  to  linearize  is  routed 
to  the  shorter  interval,  there  remains  no  problem  with  the  curve  scheme. 
The  control  of  tension  has  been  investigated  in  this  sense. 

An  approach  to  relieve  the  inclination  to  wiggle  by  the  adjustment  of 
tension  can  be  found  numerous  times  in  the  literature.  The  most  prevalent 
one,  the  tensioned  cardinal  spline  |SmiS3],  incorporates  a tension  parameter 
into  Che  expression  for  the  ordinary  cardinal  spline.  The  tensioned  cardinal 
spline  can  straighten  out  the  wiggles,  or  the  extraneous  inflection,  by  applying 
high  tension  in  that  region.  However,  while  the  wiggles  in  the  shorter 
interval  are  straightened  out  by  this  method,  the  curve  in  a relatively  longer 
interval  tends  to  be  linear  as  well.  The  fundamental  flaw  of  this  method  is 
that  the  tension  value  cannot  be  applied  for  each  piecewise  interval  because 
of  the  C constraint. 


Schweikerfs  cubic  spUne  [Sch66,  deBTSl  is  called  the  spline  under 
tension.  Being  C*  continuous,  this  curve  enables  piecewise  applicadon  of  die 


interacdveiy  be  reflected  into  the  corresponding  tension  parameter.  The  only 
objeedon  lo  this  method  is  that  it  employs  exponenda]  functions  instead  of 


v-spline  [Far85,  Fac90,  Nie74)  is 


a polynomial  alternative  to  the  Schweikerfs  exponential  function  but 


unfortunately,  the  method  lacks  the  mathematical  proof  of  the  existence  of  a 
unicpie  solution  |Bars83,  Fai90)  to  the  linear  system  of  etjuations  that  leads  to 
the  cubic  spline. 

Foley  IF0I86,  Sai84]  developed  a C'  continuous  cubic  spline  with  the 
capability  of  piecewise  tension  control.  Given  the  tensional  weights  in  each 
interval,  the  method  finds  a cubic  polynomial  that  minimizes  the  sum  of 
weighted  measure  of  curvature,  sub)ect  to  the  continuity  condition.  Hence  if  a 
weight  is  set  to  be  high  in  an  interval,  the  curve  will  be  assigned  a low 
curvature  so  that  It  will  be  linearized.  Since  each  interval  can  be  assigned  a 
different  parameter,  a piecewise  control  of  the  curve  is  possible.  However,  a 
change  of  weight  in  one  interval  propagates  through  the  entire  interval  in 
this  method.  The  linear  system  of  equations  subject  to  the  minimization 
constraint  should  be  reevaluated  even  with  a change  of  the  position  of  a 
single  data  point.  Therefore,  this  method  lacks  local  controllability. 

The  C'  continuity  encompasses  a wider  range  of  curve  shapes  than  the 
C’  class,  and  contains  the  C'  class  as  a proper  subset.  The  principal  reason  why 
the  G'  class  splines  contain  more  diversified  curve  shapes  is  that  the 
magnitude  of  the  teft  and  right  tangents  at  a joint  is  allowed  to  be  different. 
Usually,  the  ratio  of  the  left  tangent  and  the  right  tangent  takes  the  role  of 
tension  in  this  class  of  splines.  Since  the  magnitude  of  the  tangents  directly 
affects  the  tension  (Man74),  the  tension  of  the  curve  segments  to  the  left  and 
to  the  right  of  the  joint  can  independently  be  controlled  in  the  G'  splines. 

In  a sense,  previous  endeavors  to  control  the  tension  while 
maintaining  C’  continuity  at  joints  are  unduly  strained.  A consequence  of  the 
C’  constraint  can  be  explained  by  the  split  definition  of  the  term  tension,  ft 
either  represents  making  a curve  tighter  or  looser  near  data  points,  or 
between  data  points.  Subject  to  a C'  constraint,  the  curve  tensioned  near  data 


points  INie74,  KocS4|  cannot  ensure  the  tension  between  data  points.  By  the 
same  token,  the  curve  tensioned  between  data  points  [BarsB4,  F0IB6,  Sch66] 
cannot  guarantee  the  similar  degree  of  tension  near  the  data  points.  In 
contrast,  in  the  G'  spiines,  the  tension  of  the  curve  segments  near  the  data 
points  and  between  the  data  points  can  be  controlled  independently  by 
allowing  the  magnitudes  of  the  left  and  right  tangents  to  vary. 

The  properties  of  the  G’  continuity,  the  visual  conHnuity,  is 
investigated  in  |Man74j  and  the  application  of  this  type  of  continuity  to  the 
approximating  spline  appears  in  IBars83,  Bart87].  The  only  endeavor  to 
produce  a G’  cardinal  spline  is  in  |DeR88].  The  fact  that  the  the  basis  functions 
of  the  cardinal  spline  (more  generally,  a Catmull-Rom  spline  |Cal741)  can  be 
expressed  in  terms  of  a Lagrange  polynomials  [JacSl.  Lan86l  is  exploited  in  this 
approach.  Subsequently,  the  Bdzier  control  vertices  are  formed  geometrically 
(through  an  algorithm)  for  the  piecewise  Lagrange  curves.  Although  the 
existence  of  such  control  vertices  is  given  without  proof  in  the  approach,  by 
using  such  algorithms  as  recursive  subdivision  [Bart87,  Lan80l  or  de 
Casteljau's  algorithm  IFar901,  these  control  vertices  then  lead  to  the  B&ier 
curve,  which  in  this  case  corresponds  to  the  G'  cardinal  spline.  Nevertheless, 
this  approach  is  purely  algorithmic,  "owing  to  the  algebraic  complexity" 
EDeRSS]  involved. 

The  explicit  closed  form  of  the  G’  cardinal  spline  could  not  be  produced 
by  this  approach.  Generally,  a disadvantage  of  such  algorithm^oriented 
approach  is  that  a sufHcient  knowledge  on  the  algorithm  is  required  for  its 
impiementation.  As  long  as  a graphics  programmer  could  not  understand  it, 
it  belongs  to  a complicated  algorithm  and  it  remains  away  from  common 
usage.  Moreover,  the  most  fundamental  advantage  of  using  the  splines, 
the  control  of  tension  by  separate  adjustment  of  the  left  and  right  tangents. 


cannot  be  fully  exploited  in  thle  approach  because  no  apedRc  concern  was 
given  to  the  importance  of  langeni  vectors. 

The  G'  interpolating  spline  explained  in  this  chapter  will  be  derived  in 
explicit  closed  form  starting  with  simple  linear  blending  of  a pair  of  points. 
Since  the  spline  presented  in  this  chapter  is  represented  by  a single  unique 
matrbr,  evaluation  of  the  curve  becomes  a simple  matter.  Fiuihermore,  the 
tension  parameters  in  this  approach  are  closely  related  to  the  tangents  at  data 
pmnts,  so  that  piecewise  tension  values  can  be  intuitively  adjusted. 

Mathematical  Description  of  the  General  Free  Form  Splines 

Local  interpolating  splines  have  several  characteristics  which  make 
them  useful  for  the  design  process.  Because  the  curve  follows  and  passes 
through  the  control  points,  it  is  possible  to  intuit  directly  where  to  put  a new 
point.  Despite  this  convenience,  previous  uses  of  the  cardinal  splines  have 
been  limited  because  of  the  lack  of  proper  tension  control  mechanism. 

The  fundamental  flaw  that  causes  the  wiggles  lies  in  the  derivation  of 
the  cardinal  spUnes.  According  to  our  observation,  which  will  be  shown 
shortly,  the  knots  have  direct  consequences  on  the  shape  of  a curve.  Because 
mathematicians  traditionally  felt  relatively  comfortable  in  assuming  equal 

from  mathematics  naturally  followed  this  protocol.  For  instance,  Overhauser 
[Brew77,  Ove68)  assumed  that  the  knot  value  of  a midpoint  is  the  average  of 
two  adjacent  knots-  A similar  assumption  appears  in  Calmull-Rom  spline 
forcing  symmetry  on  the  cardinal  functiort 


[Cat74|  by : 


A cubic  cardinal  spline  is  a linear  blending  of  two  quadratics.  Each 
quadratic  can  be  represented  as  the  linear  blending  of  two  consecutive  iine 
segments  where  each  line  segment,  in  turn,  is  a linear  blending  of  two  points. 

Let  us  start  with  the  linear  blending  of  two  points.  Given  points  P,  and 
Pj  in  space,  the  linear  blending  of  the  two  points  is  simply  the  line  segment 
Joining  Pj  and  Pj-  Points  on  this  line  can  be  represented  in  a parametrized 

f(a)  . U-a)  Pj+aPj 

a is  a parameter  in  the  range  (0  £a  £1), 
f (a)  is  the  positional  vector  of  a point  on  the  line. 

For  instance,  point  Pj  is  the  value  of  the  function  f evaluated  at  zero  while 
point  Fj  is  the  value  of  the  function  f evaluated  at  one.  Therefore,  as  the 
parameter  a runs  from  zero  to  one,  the  value  of  the  function  f makes  up  the 
continuous  line  segment  from  Pj  to  P2. 

!n  Figure  3-3,  f (a)  and  g (b)  are  two  parametric  functions  which  linearly 
interpolate  points  P,,P2,  and  P2.P3  respectively.  The  knot  parameter  a runs 
from  zero  to  one  making  up  the  line  segment  P,P2,  while  the  knot  parameter 
h runs  from  zero  to  one  making  up  the  line  segment  P2P3.  Therefore, 

P,  = f (0> 

?2  = f<l)  - g(0) 

P3  =g(l). 

Note  that  the  two  knot  parameters  are  independent  0/  each  other. 

We  wish  to  blend  the  two  line  segments  linearly  so  that  resulting 
curve  becomes  a quadradc  parabola  passing  through  the  three  data  points.  Let 
us  denote  the  parametric  representaHon  of  this  parabola  as  m(s).  In  order  to 
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normalize  |Far90)  the  parameter  s,  we  let  P,  be  the  the  /unction  m evaluated 
at  zero  and  let  P3  be  the  function  m evaluated  at  one: 

P,  = m(0) 

P3  = mil). 

The  question  is,  *'what  is  the  knot  value  corresponding  to  midpoint 
P^r  Since  point  Pj  is  located  somewhere  on  the  curve  joining  P,  and  P3,  the 
corresponding  knot  value  should  be  between  zero  and  one.  However,  the 
exact  knot  value  is  not  known,  and  there  is  a degree  of  freedom  in  the 
assignment  of  the  knot  vaiue  corresponding  to  the  midpoint  Pj.  Because  the 
quadratics  at  hand  will  eventually  be  blended  to  produce  a cubic  spline,  and 
because  the  curve  shape  of  the  cubic  spline  heavily  depends  on  the  functions 
b^g  blended,  the  knot  value  of  the  midpoint  must  be  determined. 

Before  going  further,  we  shall  digress  briefly  to  investigate  the  way 
ordinary  cardinal  splines  are  derived.  After  an  observation  is  made  regarding 
the  relation  between  the  knot  value  and  the  resulting  curve  shape,  our  own 
derivation  will  be  resumed.  This  way.  the  concepts  Involved  in  the 
derivation  0/  the  free  form  splines  can  be  clarified  with  ease. 

Ordinary  cardinal  splines  regard  P2  as  a point  mapped  from  the  center 


In  order  for  this  assumption  to  be  valid,  the  linear  relationship  among  three 
parameters  should  be 
a=2s 


> = 2s-l. 
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Hence,  in  the  ordinary  cardinal  spiines,  the  quadratic  parabola  produced  by 
the  linear  blending  of  the  two  line  segments  is 

m(5)  = (1-s)  f (a)+s  g (b) 

* {l-s)((l-a)Fi«P,)ts((l-b)Pj+bP3) 

- (1-5)  ((1-2s)P,-2sP2>*s  «1-(2s-1))P2-12s-1)Pj) 


Our  observation  can  be  explained  by  Figure  3-4.  Figure  3-4  shows  the 
consequence  of  assigning  two  different  knot  values  to  the  midpdnt  during 
the  formulation  of  the  blending.  If  the  knot  value  corresponding  to  point  Pj 
is  set  to  .5,  as  is  the  case  with  ordinary  cardinal  splines,  the  parameter  s 
domain  is  divided  in  the  ratio  of  one  to  one.  The  resulting  curve  m2(s) 
exhibits  a high  inflection  in  the  interval  IP],P2),  while  it  becomes  relatively 
linearized  in  the  interval  [P2.P3I.  However,  with  the  division  ratio  of  1 : 4,  the 
corresponding  curve  m^(s)  shows  an  explicit  trend  to  counterbalance  such 
differences  in  the  degree  of  inflection.  The  curve  shapes  depend  heavily  upon 
the  midpoint  knot  values,  and  we  may  infer  the  following; 

1.  Suppose  we  are  bending  a wire  with  two  hands.  The  wire  will  bend 
more  sharply  if  the  distance  between  the  two  hands  gets  closer,  provided  that 
the  wire  has  fixed  length.  An  extreme  case  of  this  bending  is  the  wiggle  of  the 
wire.  On  the  contrary,  as  the  two  hands  are  moving  apart,  the  shape  of  the 
wire  wiU  tend  to  be  linear.  The  linearity  of  a curve  is  proportional  to  the 
distance  between  sample  points. 
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2.  Consider  hvo  drivers  assigned  four  and  two  hours  respectively,  for 
delivering  a package  from  Gainesville  lo  jacksonville.  The  driver  assigned 
four  hours  must  spend  more  time  on  the  road  than  the  one  who  is  assigned 
two  hours.  Thus,  the  route  of  the  former  driver  will  tend  to  meander,  while 
the  route  of  the  latter  driver  tends  to  be  linear.  In  the  extreme  case,  the  former 
driver  may  form  a loop  between  the  two  dties.  If  Gainesville  and  Jacksonville 
are  two  points  to  be  interpolated,  the  knots  act  as  the  time  constraints 
assigned  to  travel  the  distance  between  the  two  cities.  That  is,  the  linearity  of  a 
curve  is  inversely  proportional  lo  the  assigned  knot  values  during  the 
blending. 

In  order  to  offset  the  role  of  the  knots  as  time  constraints,  we  can  make 
the  knot  values  proportional  to  the  distance  between  the  sample  points.  That 
is,  we  allocate  more  time  to  travel  to  a greater  distance. 

In  this  section,  however,  we  incorporate  the  knot  values  of  midpoints 
as  parameters  of  the  quadratics  and  will  delay  the  determination  of  the  values 
until  a cubic  spline  is  produced  by  linearly  blending  the  quadratics.  It  is  in  the 
cubic  cardinal  splines  that  we  let  the  parameter  values  change  lo  look  into 
their  visual  properties.  By  allowing  the  knot  values  to  vary,  our  approach  can 
be  explidtly  contrasted  with  the  ordinary  cardinal  splines. 

Let  us  resume  the  derivation  of  our  free  form  splines  by  referring  lo 
Figure  3-3.  To  make  the  knot  value  incorporated  as  a new  parameter,  we 
introduce  a parameter  u that  indicates  the  knot  value  corresponding  to  the 
midpoint  (we  will  call  this  parameter  the  midpoint  knot  parameter  or 
midpoint  knot  value  hereafter,  since  point  P2  is  always  in  the  middle  of  the 
two  endpoints  in  terms  of  the  sequence  of  data  points).  Therefore,  point  P2  is 
the  value  of  function  m evaluated  at  u such  that  the  parameter  u splits  the 
parameter  s by  the  division  ratio  of  u ; (J-b).  Hence, 
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That  is,  we  think  of  point  ?2  as  the  point  mapped  from  u value  of  the 
parameter  s domain,  so  that 


Assuming  a linear  relationship  among  three  parameters,  the  relation  can  be 
represented  as 

a = k,  st-kj 

The  constants  k|  of  these  equations  can  be  determined  by  applying  the  above 
four  constraints.  It  follows  that 


Therefore,  the  quadratic  curve  incorporating  the  new  parameter  u of  the 
midpoint  knot  value  is, 

m(s)  = tl-s)  f (a)+s  g (b) 

= (l-sHd-alPi+aPjl+sfd-WPjtbPj) 


= ls2  s 1| 
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n(b)  = [b2  b 11  C [P]  Pj  PjjT 


If  p(s}  is  a linear  biending  of  m(a)  and  n(b),  it  can  be  represented  as 
p(s)  ■ (l-s)m(a)+sn(b). 

The  linear  relationship  among  parameters  a,  b and  s is  expressed  as 
a = k,  itkj 
b = kjs-rk, . 

where  the  constants  k,  are  yet  to  be  determined.  The  constraints  between  the 
parameters  are; 


Applying  these  coitstraints  to  the  above  equations,  we  get 
a = (1-u)  s+u,  and 


= (l-sUa2  a IlB+sn)2  b 1)C 
- (l-s)[((l-u)s+u)2  (l^])stu  l)B-fs|(vs)2  vs  lie. 

Substitution  of  the  matrices  B and  C into  this  equation  yields  cubic  spline  p(s) 
in  terms  of  the  midpoint  knot  parameters,  u and  v.  Hence  we  can  define  a 
new  class  of  cardinal  splines  as  follows; 

Definilion:  The  free  form  of  cardinal  splines  (abbreviated  as  the  free 
form  splines  hereafter)  are  deflned  analytically  as 
p(s)  = (s3  s2  5 HA  (P,  Pj  Pj 


2u-4e-  2--.V  -2ut 


P],  Pj.  P3  and  P4  are  four  consecutive  data  points  to  be  interpolated, 
u,  V are  the  midpoint  knot  parameters  corresponding  to  point  P.> 


r varying  between  zero  ar 


ranges  from  point  P2 1< 
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The  tree  form  splines  include  the  ordinary  cardinal  splines  as 
which  the  parameter  values  are,  u « v s 2 * 

Notice  that  the  curve  shape  in  the  interval  IPj-Pj)  is  delerm 
of  u,  V parameters  while  that  of  the  interval  IPjiP^I  is  determirted  by  another 
set  of  u,  V parameters.  The  parameter  v may  indicate  the  knot  value  of  the 
midpoint  P3  during  the  evaluation  of  the  curve  within  IF2.P3I.  Suppose  we 
are  evaluating  the  curves  in  the  next  interval  [P3.F4]  by  introducing  another 
point  F;  following  P4.  This  time,  the  knot  value  of  the  midpoint  F3  should  be 

parameters  assodated  with  each  data  ptnnt  take  the  role  of  u and  v,  in  turn. 

Instead  of  saying  that  the  free  form  splines  are  a linear  blending  of 
quadratics,  one  can  regard  the  free  form  splines  as  a cubic  blending  of  data 
points.  The  cubic  blending  function,  in  this  sense,  is  the  muldplication  of  the 
matrix  [s3  s2  s I]  and  A.  Consequently,  the  elements  of  the  matrix  [s3  s2  5 I] 
multiplied  by  the  matrix  A compose  the  four  basis  fimctions  [BarsSS,  Gor74b| 
of  the  free  form  splines.  Notice  that  the  sum  of  each  row  of  matrix  A is  zero 
except  for  the  fourth  row,  which  is  one.  This  meets  the  normalizahon 
constrainis  [Cat741  required  for  the  basis  function. 

It  is  most  imporlanl  to  note  that  our  derivation  is  strictly  analytic  so 
that  the  splines  can  be  represented  by  a single  four  by  four  matrix.  It  is  this 
simplicity  of  representation  that  enables  easy  implementadon  of  the  spline 

During  the  blending  of  the  two  consecudve  linear  segments,  an  extra  degree 


Is  found 


signing 


the  location 


In  the  previous  section,  we  oealed  a new  class  of  inlcs^lating  splines 

shapes  which  can  be  produced  by  free  form  splines  are  almost  unlimited.  This 
variety  mainly  stems  from  the  fact  that  the  left  tangents  and  the  right 
tangents  are  defined  and  controlled  separately  so  that  the  slopes  can  be 
discontinuous  at  data  points.  However,  we  do  not  want  to  destroy  slope 

which  are  wiggle-free  within  intervals  between  given  points,  the  splines 
Interpolating  backbones  or  the  motion  path  must  remain  visually  smooth  at 
the  data  points. 

In  this  section,  we  extend  the  free  form  splines  to  an  important  class  of 
splines  called  G'  splines,  to  assure  visual  smoothness  at  data  points.  This  is 
possible  by  differentiating  the  expression  for  free  form  splines  and  by 
imposing  some  constraints  on  the  tangents  thus  generated.  Based  on  the 
observation  of  the  limitation  of  the  tangents  of  the  ordinary  cardinal  splines, 
as  a special  case  of  free  form  splines,  the  concept  of  visual  continuity  is 
incorporated  into  the  (ree  form  splines,  A restrictive  condition  is  claimed  and 
verified  for  the  free  form  splines  to  be  visually  condnuous. 


which  car 
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? free  farm  splines  belong  to  one  of  the  widest  class  of  cardinal 
tie  term  "wide,'  in  this  sense,  means  the  variety  of  the  curve  shapes 
n be  generated  by  the  splines.  By  varying  the  midpoint  knot 

interpolating  given  data  points.  From  the  animator's  point  of  view,  such 
variety  leads  to  diversity  in  planning  the  motion  path  between  data  points. 
On  the  other  hand,  artists  or  designers  may  use  the  variety  to  generate  a 
muldmde  of  curve  shapes  passing  through  the  given  data  points  in  a static 
scene.  However,  this  variety  is  useful  only  if  we  can  control  it. 

The  principal  difference  between  free  form  splines  and  ordinary 
cardinal  splines  can  be  described  in  terms  of  the  parametric  derivatives  at  the 
data  points.  In  each  data  point,  the  left  and  right  tangents  of  ordinary  cardinal 
splines  always  agree  in  both  direction  and  magnitude.  In  contrast,  free  form 
splines  distinguish  the  left  tangent  from  the  right  tangent,  and  the  direction 
and  magnitude  of  the  left  tangent  may  differ  from  those  of  the  right  tangent. 

The  tangential  properties  of  the  free  form  splines  can  be  described  by 
fundamental  calculus.  Suppose  we  are  interested  in  the  evaluation  of  the 
tangents  at  point  Pj  (see  Figure  3-S  for  example  ).  To  estimate  the  curves  in 
the  Interval  IP2,P3],  we  need  to  know  midpoint  knot  parameters  Uj  and 
corresponding  to  the  points  P2  and  Pj.  respectively.  Taking  the  parametric 
derivadve  0/  the  free  form  splines,  we  obtain 

I3s2  2s  1 OlA  IP,  P2  P3  P4F 

with 


-'v>i  “1*^ 

-".«-j;  -=v  “'  “ 
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Ih^l  sud  K»  be  continuoue.  More  spedHcally,  the  tangent  at  point  P3  is 
one  half  the  vector  (P4-P2).  Therefore,  the  magnitude  and  direction  of  the 
tangential  vectors  are  Hxed,  once  the  data  points  are  given;  there  is  no  way  to 
control  the  magnitude  and  direction  of  the  tangential  vectors.  As  a result,  the 
ordinary  cardinal  splines  are  often  estimated  to  be  unduly  strained  [Man74|. 

In  contrast,  the  tangents  of  the  free  form  spline  can  vary  depending  on 
the  selected  midpoint  knot  parameters,  as  can  be  seen  by  the  above  equations 
for  the  tangents.  As  a matter  of  fact,  one  can  assign  two  different  knot 
parameters  (V]  and  U2)  for  a single  midpoint  P3,  and  produce  curves  with 
slope  discontinuity  at  that  point  In  other  words,  the  free  form  splines  include 
those  curves  which  have  slope  discontmuity  (G°  copiNnuily). 

Although  the  free  form  splines  are  developed  such  that  they  could 
Incoiporate  flexible  tangents  at  data  points,  the  same  flexibility  might  hamper 
the  smoothness.  Splines  having  two  different  tangential  directions  at  a data 
point  catmot  be  said  to  be  smooth.  How  do  we  Impose  the  smoothness 
criterion  on  the  free  form  splines  while  avoiding  the  unduly  strained, 
tangential  constraints  of  the  ordinary  cardinal  splines? 

Geometric  continuity  |Bart87,  Bars88l  addresses  the  problem  of 
parametric  continuity.  Parametric  continuity  means  that  the  left  and  right 
derivatives  with  respect  to  the  knot  parameter  are  identical.  However,  as  was 
mentioned  in  Chapter  2,  the  parametric  continuity  does  not  necessarily  agree 
with  the  visual  continuity.  The  reason  is  fairly  straightforward.  Saying  that 
the  parametric  derivatives  are  identical  means  that  the  derivatives  of 
Individual  x,  y,  z components  of  the  Cactesian  coordinates  with  respect  Ic  the 
parameter  is  the  same  for  left  and  right  tangents.  Nevertheless,  the  visual 
perception  is  based  on  the  continuity  of  the  tangential  directions,  which  are 
represented  by  a relationship  between  such  tangents.  Therefore,  the  visual 


ed  if  the 
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direction  of  the  unit  tengent  is  identicaJ  at  a data  point. 

In  light  of  the  degree  of  the  versatility  in  the  curve  shapes,  C®  of  the 
free  form  splines  covers  the  widest  class  of  the  splines  including 
discontinuous  curves.  The  G'  splines  lie  in  the  middle  of  C°  and  C'  in  terms 
of  the  degree  of  the  versatility.  They  are  not  as  restricted  as  the  splines, 
since  they  relax  the  tangent  constraints  of  the  ordinary  cardinal  splines.  They 
allow  the  left  and  right  tangents  to  vary  in  magnitudf  as  long  as  both  tangents 
have  the  same  unit  tangent  vectors.  Moreover,  the  direction  of  the  tangents 
of  the  G'  splines  are  not  limlled  to  the  the  vector  from  the  previous  point  to 

By  definition  [Bart87,  BarsSS],  the  geometric  first-order  derivative  is 
defined  to  be  continuous  (G^  continuous)  if 


Figure  3-6  shows  two  different  midpoint  knot  parameters  Vj  and  U;  assigned 
to  point  P3.  During  the  evaluation  of  the  curve  in  the  interval  [P2,P3l,  v,  takes 

Similarly,  the  parameter  Uj  will  make  the  parabola  B be  blended  during  the 

be  associated  with  two  different  midpoint  knot  values.  The  net  effect  of  this 
dual  definition  of  the  midpoint  knot  values  is  the  ability  to  change  the 
direction  of  the  tangent  at  the  data  points.  For  example,  in  the  final  cubic  free 


to  poiots  Pj,  P3,  P3  and  45  in  Figure  W,  such 


^1,.,  - 


■ ir5^»  > w-F.  (P.-F,*  W*(l’,-Fll 


= M?;(VP3)*(l-v,)(P3-P2). 

The  right  tangent  at  the  same  point  is, 

^Is-a  " 

‘ U2(P4-P2)*<-2*^HP3-P2) 

= Uj  {P,-P3tPj.Pj)*(-24JJ-)  (Pj-Pj) 


?l... 


^1...  (¥)■ 


Since  the  right  tangent  is  a scalar  multiple  of  the  left  tangent  by  the  (actor  of 
(it}  tangents  have  the  same  unit  tangent  vector.  This  completes  the 


value  of  25  and  .5.  respectively. 


Figure  3-5.  Linear  blending  of  two  quadratics.  The  curve  represented  by  P(s)  is 
the  cubic  spline  resulting  from  the  blending  of  the  quadratics  m(a}  and  n(b).  It 
is  defined  in  the  region  (P2,P3l. 
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midpoint  knot  parameter  is  consistently  equal  to  v-|,  throughout  the 
interpolation  of  the  region  IPi.Pjl  and  (Pj.Pj).  Similarly  for  Duj.  If  the 
midpoint  knot  parameter  has  dual  value  at  that  point,  the  left  and  right 
tangents  do  not  match  as  shown. 


rived 


the  left  and 


right  tangents  of  the  G’  free  form  splines.  The  free  form  splines,  originally 
devised  to  enable  wiggle-free  inlerpolalion  has  to  mainlain  consistent 
midpoint  knot  parameter  values,  to  assure  visual  smoothness  at  data  points. 
Now  we  proceed  to  designate  the  exact  values  of  the  knot  parameters  to 
finally  enable  wiggle-free  interpolation-  If  it  is  an  interactive  design 

unHI  a satisfactory  one  is  found.  However,  one  prefers  to  automatically 
drawing  the  backbone  lines  or  the  motion  path  empirically  to  interruptions 
by  the  designer's  interaction.  We  do  ru)t  want  the  flexibility  to  redraw  the 
backbone  lines  iteratively  until  the  curve  shape  is  satisfactory  for  our 

This  section  analyzes  the  G’  free  form  splines  by  an  extensive  usage  of 
vector  calculus.  Based  upon  the  characlerlstic  behavior  of  individual  curves, 
three  types  of  G'  splines  will  be  developed.  However,  the  application  of  G' 

shapes  can  be  produced  in  our  approach,  by  varying  a characteristic  constani  d, 
which  will  be  explained  shortly. 


Before  delving  inlo  the  G'  free  form  splines,  let  us  digress  briefly  into 
ihe  G®  free  form  splines  lo  emphasize  lhal  a curve  can  be  controlled  by  noting 
the  component  vectors. 


In  general,  the  free  fomt  splines  can  be  said  to  be  G*’  continuous  in 
terms  o(  conHnuity  condition  at  the  data  points.  'Ihe  left  and  right  tangents 
are  not  of  the  same  direction  at  a data  point,  as  can  be  evidenced  by  Equation 
3.4  and  3.5.  Therefore,  in  the  general  free  form  splines,  the  restrictive 
condition  that  regulates  the  ordinary  cardinal  splines  has  been  removed. 

One  of  the  advantages  of  separate  control  of  the  left  and  right  tangents 
is  that  of  being  able  to  make  an  intentional  cusp.  For  instance,  the  direction  of 
a bouncing  ball  [Koc84|  shows  discontinuity  near  the  contact  point,  and 
sometimes  an  animator  needs  to  simulate  a motion  path  for  such 
movements.  More  specifically,  the  motion  path  at  the  contact  point  is 
continuous  but  the  tangents  at  that  point  are  discontinuous.  This  sudden 
directional  change  can  easily  be  incorporated  into  the  free  form  splines  with 
proper  control  of  the  midpoint  knot  parameters.  With  deliberate  assignment 
of  these  parameters,  we  could  control  even  the  level  of  the  cliscontinuity. 

Figure  3-7  illustrates  the  discontinuity  effect.  The  curves  marked  Cl, 
C2,  and  C3  represent  three  different  instances  of  continuity  variation,  caused 
by  assigning  dual  midpoint  knot  parameter  values  to  point  Pj.  The 
symmetrical  tangents  at  point  Pj  can  be  explained  by  the  mathematical 
derivation  used  in  the  last  section.  From  Equation  3.4  and  3.5.  we  have 

lefttangent  ■ i^<Vj>**’‘''iHP3-P2) 

rightlangent  = 

If  we  let 

the  (Pa-Pj)  component  of  the  left  tangent  is  the  same  as  the  (Pj-Pj)  component 
of  the  right  tangent.  Similarly,  the  (Pj-Pj)  component  of  the  left  tangent  is 
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identical  to  the  (P4-P3)  component  of  the  right  tangent.  Snce  the  magnitudes 
of  the  two  vectors  ate  identical,  and  since  the  magnitudes  of  components 
vectors  ate  symmetrical  each  other,  the  resulting  tangent  vectors  are 
symmetrical  with  respect  to  point  P3. 

In  practice,  there  can  be  numerous  control  strategies  that  could  produce 
various  shapes,  and  this  example  shows  that  the  analysis  of  the  component 
vectors  can  be  a useful  tool  for  the  design  and  control  of  motion  path 
employing  the  free  form  splines. 


Let  us  rewrite  the  expression  for 
splines  with  different  notation,  such  that 


Dl  = j^(P4-P3)-t(I-k)(P3-P2> 
Dr  = k{P4-P3)*^^(P,.Pj) 


tangents  of  the  G'  free  form 


(3.6) 


is  the  left  tangent  at  point  P3, 

Dr  is  the  right  tangent  at  point  P3, 
k is  the  knot  parameter  corresponding  to  midpoint  P3. 

Notice  that  the  G'  free  form  splines  have  only  a single  knot  parameter 
associated  with  each  data  point,  while  the  free  form  splines  have  two  knot 

As  was  seen  in  the  last  section,  the  magnitude  of  the  right  tangent  is  a 
scalar  multiple  of  the  left  tangent  by  the  factor  of  For  example,  if  the 
midpmnt  knot  parameter  k decreases,  the  multiplication  factor  increases,  and 
the  magnitude  of  the  right  tangent  becomes  greater.  Physically,  the 
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consequence  of  the  increase  in  tangential  magnitude  means  that  the  curve 
tends  to  persist  in  a certain  direction  for  longer  intervais.  On  the  other  hand, 
if  the  midpoint  knot  parameter  k increases,  the  curve  to  the  right  of  the  data 
point  quickly  loses  the  inclination  to  persist  in  the  previous  direction  and 

data  point.  Therefore,  it  is  possible  to  control  the  inflection  by  a proper 
selection  of  the  midpoint  knot  parameter  k. 

However,  the  curve  shapes  are  determined  not  only  by  the  magnitude 
of  the  tangents,  but  also  by  the  direction  of  the  tangents.  The  Information 
about  the  magnitude  of  the  tangents  alone  is  not  sufficient  to  shape  the 

Both  the  slope  vectors  and  Dj^  can  be  decomposed  Into  two 
components:  the  component  in  the  direction  of  the  vector  (P4-P3)  and  the 
component  in  the  direction  of  the  vector  (Pj-Pj).  Figure  3^  shows  the 
decomposition  of  the  right  slope  vector  into  individual  components.  The 
vector  (P3-P3)  is  translated  to  point  P3  in  order  to  facUilate  the  addihon  of  the 
two  component  vectors.  The  vector  is  the  component  of  the  right  tangent 
in  the  direction  of  the  vector  (P3-Pj),  and  similarly  for  the  vector  Drj,.  These 

Therefore,  the  relationship  between  the  coefficients  of  the  component 
vectors  (P4-P3)  and  fPs'Pj),  as  determined  from  the  midpoint  knot  parameter 
value  k,  plays  a critical  role  in  controlling  the  tangential  directions  of  G'  free 

Let  the  midpoint  knot  parameters  be  a function  of  the  magnitudes  of 
the  vectors  [P3-P2)  and  (Pa-Ps)-  That  is,  the  values  of  the  midpoint  knot 


distances 
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between  the  neighboring  points.  Then  Type  I spline  is  defined  sudi  that  the 
dependency  can  be  expressed  as. 


vectors  a,  b denote  the  unit  vectors  to  the  direction  of  the  vectors 
{P3-P2)  end  fP4'P3)  (referred  to  as  component  neeiors,  hereafter) 
respectively. 

Dividing  the  equations,  we  get 


If  we  define  the  knot  division  ratio  as  k ; (1-i),  then  the  square  of  the  knot 
division  ratio  is  equal  to  the  chord  length  ratio  between  data  points. 
Therefore,  the  midpoint  knot  parameter  Jc,  and  the  scaling  constant  t,  in 
terms  of  the  chord  length  are: 


l = -^i(P3-P2)CP4-Pj)|  . (3.8) 

if  Equation  3 J is  inserted  into  Equation  3.6, 

D[.  = (l-kXPj-Pjlt-^fP^-Pj) 


3-P2>+k  (P4-P3> 
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= (l-k)ta+(l-k)lb  (3.9) 

magnitude.  Ute  same  holds  true  for  the  right  tangent  except  that  they  are 
now  scaled  by  a factor  of 

A geometrical  consequence  of  the  above  expression  for  Type  1 spline  is 
that  the  tangential  direction  is  the  bisection  of  the  two  unit  vectors  a and  b,  as 
shown  in  Figure  3-8.  The  property  that  the  tangential  directions  are  identical, 
is  an  expected  result,  since  the  Type  I spline  is  G’  continuous. 

Moreover,  the  magnitude  ratio  of  the  left  tangent  to  the  right  tangent  is 
proportional  to  the  knot  division  ratio  k : (1-t). 

The  advantage  of  the  Type  1 spline  can  be  explained  by  comparing  it 
with  the  curve  shapes  of  the  ordinary  cardinal  splines.  Figure  3-9  shows  the 
slope  vectors  of  the  ordinary  cardinal  splines.  The  vectors  Dl  and  Djj  denote 
the  left  and  right  tangents  at  point  Pj,  respectively.  Note  that  the  magnitude 
and  direction  of  the  tangents  determine  the  shape  of  the  curves  in  the 
interval  [P2,P3l  and  IPs.P^].  As  can  be  noticed,  the  direction  of  the  vectors 
and  Dp  is  identically  set  to  the  vector  (p4'P2)  in  ordinary  cardinal  splines.  In 
other  words,  the  tangent  vector  is  one  half  the  sum  of  the  two  component 
vectors  (P3-P3)  and  (P4-PJ).  Since  the  vector  (P4-P3)  is  greater  in  magnitude,  the 
sum  tends  to  resemble  the  vector  (P4-P3).  Being  influenced  by  the  major 
component  vector,  the  curve  shows  a bend  before  it  reaches  point  P3.  Such 

What  matters,  and  causes  the  wiggles,  is  the  magnitude  of  the  tangent 
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when  point  moves  away  from  to  the  direction  of  the  vector  (P4-P3).  As 
the  distance  between  the  two  points  P3  and  P^  inaeases,  the  magnitude  of 
both  tangents  increases  since 

Dl  = Dr  = ^ (P^-Pj) 

in  the  ordinary  cardinal  splines.  Vector  0^2  i”  Figure  3-10  represents  these 
tangents.  With  point  P^  moving  farther  away,  the  curve  tends  to  prepare  for 
directional  change  well  before  it  reaches  point  F3,  since  the  magnitude  of  the 
Ufi  tangent  at  F3  should  match  one  haif  the  distance  between  P^  and  P2. 
However,  the  interval  assigned  for  that  directional  change  (Le.,  is  so 

narrow  in  this  case  thai  curve  cannot  avoid  a wiggle  or  a loop.  In  contrast,  the 
vector  D,.]  (the  tangents  when  point  P4  is  drawn  near  P3)  exhibits  a reduction 
in  magnitude,  and  this  reduction  in  magnitude  of  the  left  tangent  makes  the 
curve  cl  linear.  An  extreme  case  of  the  reduction  is  that  the  left  and  the  right 
tangents  are  identicaiiy  zero,  so  that  the  splirxes  become  a pair  of  straight  line 
segments  y^ed  at  the  point  P3. 

Figure  3-11  illustrates  the  curve  shape  ofiype  1 spline  for  the  same  data 
points  as  In  Figure  3-9.  The  direction  of  tangents  is  the  average  of  two  unit 
vectors  a,  b so  Chat  it  could  bisect  the  unit  vectors.  Note  that  the  left  and  right 
tangents  of  the  Type  I spline  have  different  magnitudes.  The  same  is  true  for 
Type  n and  Type  in  splines  to  be  developed  shortly.  Compare  Figure  3-11  with 
Figure  3-9  in  the  interval  IPj.Fjl.  The  curve  in  figure  3-11  is  relatively  flat 
compared  with  that  of  figure  3-9  in  this  interval  so  that  the  tendency  to 
wiggle  is  alleviated.  This  is  so  because  the  magnitude  of  the  left  tangent  D|^ 
can  be  reduced  while  that  of  the  right  tangent  increases.  This  tendency  of  the 
Type  I spline  to  adapt  itself  to  the  reladve  distance  can  be  explained 
mathematically. 
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The  tangents  of  Type  I splines  in  terms  of  the  distance  between  data 
points  can  be  derived  from  Equation  3^  and  3.9.  It  follows  that 
|Dl|  = V2kt 
|Dr|  = V2(l-k)t 


V10PrP2HPa-Fj)| 


As  the  vector  (Pj-Pj)  decreases,  the  value  of  kt  will  decrease  so  that  the 
magnitude  of  the  left  tangent  is  reduced.  Meanwhile,  the  magnitude  of  the 
right  tangent  increases  as  can  be  verified  by  examining  Equation  3.10. 
Therefore,  the  magnitude  of  the  left  tangent  at  point  P3  becomes  proportional 
to  the  distance  between  P2  and  Pj  In  the  Type  I spline.  It  is  this  adaptability  of 
Che  tangential  magnitude  that  removes  the  wiggles,  which  typically  appear 
when  a curve  in  a short  interval  has  to  adapt  to  tangents  with  excessive 
magnitude. 

Comparing  Figures  3-9  and  3-11  in  the  interval  (Pj,P,!,  we  notice  that 
the  Type  I spline  has  slightly  more  swing  in  that  region.  This  swing  Is  a visual 
clue  that  the  magnitude  of  the  right  tangent  of  the  Type  1 spline  is  greater 
than  that  of  the  ordinary  cardinal  spline  due  to  the  tendency  of  the  Type  I 
spline  to  be  inflective  in  the  Ibnger  interval. 

In  summary,  the  division  ratio  of  the  midpoint  knot  parameters  of 
Type  I splines  is  made  to  be  proportional  to  the  square  root  of  the  chord 


Imglhs  among  data  points.  Compared  with  the  ordinary  cardinaJ  splines. 
Type  I splines  exhibit  improvements  in  removing  the  wiggles  in  the  shorter 
intervals,  while  showing  more  swings  in  the  longer  intervals.  Moreover,  the 
tangential  direction  is  set  to  be  always  bisecting  the  two  unit  vectors  iormed 
by  the  three  consecudve  data  points. 


Type  U splines  encompass  those  splines  whose  midpoint  knot 
parameters  have  the  following  relationship  with  the  chord  length  between 
data  points; 


the  vectors  a,  b denote  the  unit  vectors  to  the  direction  of  the  vectors 
(Pj-Pj)  and  {P4-P3),  respectively. 


In  other  words,  the  midpoint  knot  parameter  k is  consdained  by 


so  that  the  midpoint  knot  division  ratio  is  the  same  as  the  rate  of  the  chord 
length.  This  disdnguishes  Type  II  splines  from  the  Type  1 splines.  Solving 
Equation  3.11,  we  get  the  midpoint  knot  value  k and  the  scaling  constant  I as. 


Substitution  of  Equation  3.11  into  Equation  3.6  yields  the  expression  for  the 
left  and  the  right  tangents  as. 


Dl  = (1-W(P3-P2H^CP4-P3) 

= k(l-Wt»*k2|b 


Dr  “ ^(Ps-FP+klP.-Pj) 

= (l-k)2u+k(l-k)tb 


3-11  is  illustrated 
segment  PjP,  to 


Dl' 


the  right  tangent 


directioa  of  (Ps-Pj)- 

The  shorter  the  interval  [P2/P3lf  the  larger  the  a component,  and  the  higher 
weighting  is  given  to  the  vector  of  the  shorter  intervals.  This  holds  true  both 
for  the  left  and  right  tangents,  since  the  right  tangent  is  a scalar  multiple  of 
the  left  tangent. 

In  essence,  the  rate  of  the  chord  length  determines  the  midpoint  knot 
parameter  k,  and  the  value  of  k determines  the  direction  and  the  magnitude 
of  the  tangents. 

With  respect  to  the  absolute  magnitude  of  the  tangents,  an  interesting 
feature  is  found  in  Type  n splines.  Inserting  Equation  3.12  into  Equation  3.13, 


If  k and  (I'fc)  constitute  the  two  sides  of  a right-angled  triangle,  then  the 
magnitude  of  the  left  tangent  is  the  length  of  the  line  segment  P2P3  scaled  by 
the  hypotenuse  of  that  triangle. 

Compared  with  Figure  3-11,  Figure  3-12  exhibits  more  flatness  in  the 
Interval  [Pj.Pj],  while  it  shows  more  reflection  in  the  interval  (Pj,?,).  In  the 
vidnity  to  the  left  of  point  Pj,  the  Type  I curve  is  already  changing  its 
direction  in  anticipation  of  the  requirement  that  the  tangent  should  bisect  the 
ents  of  the  component  vectors  at  point  Pj.  In  contrast,  the  Type  II 
not  change  its  direction  yet.  Because  the  incoming  vector  iP^-P])  is 
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still  a dominant  component  of  the  tangent  at  point  P3,  the  major  change  of 
the  direction  happens  only  after  the  curve  passes  through  point  F3. 

Notice  the  gradual  change  of  tangential  direction  at  point  P3  in  Figures 
3-9,  3-n  and  3-12.  The  level  that  the  tangent  at  P3  reflects  the  direction  of  the 
incoming  vector  (Pj-Pj)  is  highest  in  Figure  3-12  The  wiggles  or  loops  can  be 

change  in  a short  interval.  In  view  of  the  fact  that  such  a sudden  change  of 
the  tangential  direction  in  the  shorter  interval  is  avoidable  in  Type  II  splines, 
it  can  be  said  that  Type  II  splines  are  better  than  Type  I splines  for  removing 
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that  the  magnitude  of 
role  in  eiitninating  the 
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striker  the  reflection  (wiggle)  in  the  shorter  interval.  This  can  be  verified  by 
comparing  Figure  3-11  with  Figure  3-12  in  the  shorter  interval  IP24*3l  and  the 
longer  interval  lPj,P4l. 

In  summary.  Type  Q splines  determine  the  midpoint  knot  parameter  k 
such  that  the  knot  division  ratio  is  the  same  as  the  cate  of  the  chord  length. 
The  tangent  at  the  midpoint  is  dependent  on  the  magnitudes  of  the  vectors 
(P3-P2)  and  (P4'P3).  In  Type  II  splirtes,  the  parameter  k acts  to  the  tangential 
direction  of  the  midpoints  such  that  the  direction  of  the  shorter  intervai  is 

magnitude  such  that  the  shorter  interval  has  less  magnitude.  As  a result  of 
adjustments  in  both  the  direction  and  magnitude,  the  removal  of  wiggles  in 
Type  11  splines  is  more  pronounced  than  in  Type  I splines. 


Because  we  already  have  defined  and  analyzed  two  types  of  visually 
continuous  splines,  we  will  describe  the  third  type  of  splines  as  to  be 
imbedded  in  a more  general  expression.  This  general  expression  leads  to  the 
definition  of  a characteristic  constant  d. 

Type  in  splines  ate  represented  by  the  relation 
pj.Pj  = (i-k)3  t a 

P4-P3  = (k>5  i b (3.16) 


of  the 
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(P4-P3)  respectively. 

The  midpoini  knot  parameter  it  is  constrained  by 


Pj-Pjl 

^<■**3 1 type  m 

Compare  this  equation  with  the  constraints  in  Type  I and  Type 


(3.1?) 


The  difference  in  the  chord  length  ratio  affects  midpoint  knot  parameter  k 
such  that 


d = 3 for  Type  HI  splines, 
d - 2 for  Type  I splines. 

d = 1 for  Type  n splines.  (3.19) 

Note  that  by  varying  the  d value,  a continuous  set  of  splines  can  be  produced. 
The  same  holds  true  for  the  midpoini  knot  parameter  k.  For  instance,  if  d is 
equal  to  2,5,  then  the  characterisKc  of  the  spline  will  be  somewhere  in  the 
middle  of  Type  I and  Type  n splines.  Aside  from  the  three  types  of  splines, 
an  almost  unlimited  number  of  splines  can  be  produced.  Theiefare,  we  deTme 
this  constant  as  the  chmclerislic  censtanf  of  the  splines. 
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As  a matter  of  fact,  we  have  a single  degree  of  freedom  in  the 
generation  of  the  curve  described  by  Equation  3.19.  As  long  as  we  wish  to 
incorporate  the  chord  length  information  to  the  shape  of  a curve,  the 
characteristic  constant  i will  determine  the  it  value,  and  vice  versa. 

Depending  upon  the  design  purpose,  we  can  obtain  a variety  of  curves 
which  are  visually  continuous.  Provided  with  a proper  control  of  the 

preserving  visual  continuity.  An  example  using  the  characteristic  constant, 
the  control  of  motion  path  in  an  interactive  design  environment,  will  be 
developed  later. 

Subsequent  evaluation  of  the  left  and  right  tangents  yields  the 
component  ratio  of 


a component 
b component 


k“n-k)h 


(m,n)  = 


The  magnitude 


(1,  - 1)  for  Type  III  splines 
(0,  0)  for  Type  i splines 

(-1,  DforTypellsplines.  (3.20) 

atio  of  the  left  tangent  to  the  right  tangent  becomes 


1^1  ■ 1^1  - 1^1 
l°R|Typem  I'^lTypeH  |°R|TypeI 


(311) 
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C2,  respectively. 


Figure  3-12.  The  tangents  of  a Type  n G'  free  fenn  spline:  a,  b denote  the  unit 
vectors  to  the  direction  of  the  vectors  (P3-P2)  (Pe-Pj)/  respectively.  The 
ratio  of  the  magnitudes  of  the  a component  to  the  b component  is  3.5  : 1 for 
this  example. 
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P2>  uid  (P4-P3),  respectively.  The  magnitude  ratio  of  a component  to  b 
component  is  1 : 3.5  for  this  example. 


the  Rg 


ttal  of  Wieeles 


In  the  previous  section,  three  types  of  G'  free  form  splines  were 
developed  by  imposing  chord  length  dependencies  on  the  delennination  of 
Che  midpoint  knot  parameters.  In  this  section,  we  compare  the  visual 
properties  of  the  three  types  of  free  form  splines  in  terms  of  resolving  the 
wiggle  problem,  which  was  Che  main  motivation  of  this  chapter. 

A wiggle  occurs  when  the  distance  between  two  neighboring  alpha 
carbon  atoms  is  small  compared  with  the  subsequent  distances.  The  variation 
of  the  distances  appears  in  the  form  of  tangent  constraints  at  data  points.  In 
this  respect,  all  three  types  of  free  form  splines  are  eligible  for  the 
interpolation  of  the  backbone  atoms,  since  they  were  developed  in  such  a way 
that  the  tangent  constraints  of  ordinary  cardinal  splines  can  be  alleviated. 

However,  each  type  of  free  form  spline  has  its  own  characteristic  visual 
performance.  In  Figure  3-H,  the  ordinary  cardinal  spline  method  was  used  to 
interpolate  five  data  points,  P,  through  Pj.  As  can  be  readily  seen,  the  curve 
shows  a wiggle  in  the  interval  [Pj,p4l,  which  is  a relatively  short  interval 
compared  with  the  interval  [p2,P3l. 

Figures  3-15  through  3-17  show  the  interpolation  of  the  same  data 
points  using  Type  n.  Type  I,  Type  in  free  form  splines,  respectively.  All  of 
them  contribute  to  eliminate  the  wiggle  in  the  interval  IPj,P4!,  thus  making 
them  adequate  har  the  interpolation  scheme  for  the  backbone  curve. 

Figure  3-18  shows  a closer  view  of  the  behavior  of  the  three  types  of 
free  form  splines  in  the  region  |P3,P^|.  The  Type  II  spline  has  the  lowest  level 
of  overshoot  in  Ihe  region,  while  Type  I and  Type  IE  show  an  increased  level 
of  overshoot.  However,  the  converse  is  true  for  the  longer  interval  IPj.Psl. 
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Figure  3-19  illustrales  the  visual  properties  of  the  curves  starting  from  point 
Pj  up  to  about  half  way  to  point  Pj.  Type  I and  Type  Bl  splines  almost  parallel 
the  curve  of  the  ordinary  cardinal  spline,  while  the  Type  n spline  exhibits  a 
considerable  amount  of  overshoot 

Therefore,  we  can  conclude  that  the  level  of  overshoot  in  the  shorter 
interval  is  proportional  to  the  value  of  characteristic  constant  d in  Equation 
3.19,  while  that  of  the  longer  interval  is  inversely  proportional  to  the 


The  decision  as  to  which  type  of  free  form  spline  is  belter  depends  on 
the  various  design  purposes.  It  is  a subjective  matter.  A designer  may  regard 
the  swing  in  the  longer  interval  as  a more  natural  one,  or  he  might  prefer  a 
straight  line  in  the  longer  interval  and  trade  off  the  swing  with  that  of  the 
shorter  interval. 

Each  type  of  free  form  spline  can  be  extended  to  a surface  interpolation 
scheme-  For  instance,  the  bilinear  blending  method  can  easily  convert  a 
combination  of  space  curves  into  three-dimensional  surface  shapes.  Figure  3- 
21  and  Figure  3-22  show  Coons'  patch  ICoo74,  For721  applied  to  different 
interpolating  schemes.  The  surfaces  show  the  same  trend  as  was  seen  in  the 
case  of  a space  curve.  The  surface  blended  by  a cardinal  spline  tends  to  be  bent 
at  the  small  patch  on  the  left  side,  while  the  surface  produced  by  a Type  II 
spline  shows  mote  inflection  at  the  large  patch  on  the  right  side.  Side  views 
(see  Figures  3-23  and  3-24)  demonstrate  this  property  more  dearly. 
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Figure  3-21.  Coons’  patch  produced  by  an  ordinary  cardinal  spline. 
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Comparison  wtih  Tensioned  Carditial  Splings 

Having  accomplished  Che  task  of  removal  of  wiggles  in  the  last  section, 
we  devote  this  section  to  the  comparison  of  the  properties  of  the  G’  free  form 
spiines  with  the  well-known  tensioned  cardinal  splines  [Smi83].  In  this 
section,  the  Hermite  form  of  our  free  form  splines  will  be  compared  with  that 
of  Che  tensioned  cardinal  splines.  To  distingubh  free  form  splines  from  the 
tensioned  cardinal  splines,  the  equation  for  tensioned  cardinal  splines  will  be 
derived  in  the  context  of  chord  length  parametrization.  This  way,  the 
difference  between  the  tensioned  cardinal  splines  and  our  free  form  splines 
making  use  of  the  chord  length  information  can  be  clarified.  The  visual 
properties  of  the  two  approaches  will  be  explained  In  terms  of  removal  and 
addition  of  tension. 

A cubic  spline  can  be  expressed  in  terms  of  directional  vectors  instead 
of  positional  vectors  (the  location  of  data  points}.  By  a simple  manipulation, 
the  point  locations  can  be  converted  Into  directicmai  vectors.  For  instance,  the 
general  matrix  expression  of  a cubic  spline  is 

P(s)  = |s3  s2  s 1]  A IPi  Pj  Pj  P^F, 

Instead  of  writing  the  point  matrix  as  IP,  P2  P3  F^l’^,  one  can  rewrite  it  in 
terms  of  directional  vectors.  In  this  method,  vectors  (Pj-P,)  and  (Pa-P2)  are 
introduced  in  place  of  points  P,  and  F4  so  that  the  point  matrix  becomes 
(Pj  P3  (Pj-P,)  (P^-PjlF. 

Consequently,  the  point  matrix  is  made  up  of  endpoints  Pj  and  P4  at 
both  ends  of  the  curve,  and  two  vectors  (Ps-P,)  and  (Pa-Pj)  represenKng  the 
slopes  at  Pj  and  P^,  respectively.  As  a matter  of  fact,  general  Hermite 
interpolation  allows  for  slope  vectors  other  than  (P3-P])  and  (P4-P2),  and  this 


represenlaHon  belongs  h>  a special  case  of  the  general  Hermite  interpolation 
expression.  Using  the  directional  vectors,  the  free  form  spline  in  Hermite 
form  can  be  written  as 

p<s)  = [s3  s2  s IJ  a'  (Pj  Pj  (Pj-Pi)  (Pa-Piil^ 


Notice  that  most  of  the  elements  in  each  column  of  matrix  A are  functions 
of  the  u and  v parameters.  Thus  the  values  of  the  matrix  elements  will  reflect 
the  change  of  the  midpoint  knot  parameters  u and  v,  if  the  parameters  are 
associated  with  the  chord  length  between  the  data  points.  However,  as  will  be 
explained  next,  only  the  last  two  columns  of  the  matrix  A will  be  dependent 
on  chord  length  If  the  tensioned  cardinal  splines  are  expressed  in  Hermite 

The  use  of  tensioned  cardinal  splines  has  been  a conventional  method 
of  adjusting  curve  shapes,  using  a parameter  called  tension,  while  preserving 
the  continuity.  Ordinary  cardinal  splines  can  be  expressed  in  terms  of  the 
Bezier  control  points  IFar90]  which  make  use  of  the  knot  parameters  to  meet 
the  tangent  continuities  at  Joints.  As  a result,  the  cardinal  spline  can  be 
written  as  a function  of  knot  parameters.  An  additional  constraint  that  the 


knot  spacing  bo  proportional  to  the  chord  length  leads  to  the  tensioned 
cardinal  splines. 

In  Figure  3-25,  data  points  Pj  through  Pj  are  to  be  approximated  by  a 
tensioned  cardinal  spline,  and  they  are  assumed  to  be  data  points 
corresponding  to  the  parameter  u which  takes  the  values  of  through  u,. 
The  tensioned  cardinal  spline  can  be  derived  starting  with  the  construction  of 
Bdzier  control  points.  If  points  Pj  and  P3  correspond  to  Bezier  control  points 
b^  and  b^  respectively,  then  points  b^  and  bg  are  are  called  the  inner  Bfzier 
control  points  produced  in  relation  to  the  other  control  points  b,  and  ba, 
respectively.  The  position  of  these  control  points  can  be  evaluated  by  defining 
the  knot  space  0^  as 

Using  a method  for  tangent  estiination,  known  as  FMILL  IFar90l,  two  inner 
Bdzier  points  can  be  expressed  as 


I I a 1 1 standing  for  the  norm  of  vector  a. 

Using  these  values,  the  general  Kermite  expression  of  a cardinal  spline  in  the 
interval  (Pj.Psl  becomes. 


= Pj  I^tsI-rPj  H|(s) 


. I53  s2  s l]B  IP2  Pj  (P3-P,)  (Pj-PjjF 


liP3-P,ll(4l*ij)  I IP4-P2I  KAj+aj) 


Pj-p,!  i(a,*aj>  I ip^-Pji  Kij+As) 


Notice  that  the  first  two  colunms  of  matrix  B are  cotistants  in  contrast  with 


the  Hennite  form  of  the  free  form  splines.  The  ordinary  (in  the  sense  that  it  is 
not  tensioned)  cardinal  spline  represents  one  instance  of  this  expression 


a,  = dj  = *3  = 1 

I IPj-P,  1 1 = I IP^-Pjl  I = 1. 

The  knot  space  variables  hg  and  h2  can  be  peremefriaaf  by  chord  length  such 


This  substitution,  c 
continuous  cardinal  spline  si 
parameter  u is  continuous. 


that  the  derivative  with  respect  to  the 


We  can  prove  that 
the  following  way.  Let 


^ ' I IP4-P2I I tojt-Aj)  - 

Then  the  above  Hennile  form  of  cardinal  spline  reduces  to 
Pfe)  = ls3  s2  s IIB'IP,  Pj  P3  P4F 


2a 


M 3-2a 


(3.24) 


which  is  exactly  the  conventional  tensioned  cardinal  spline.  Notice  that  this 
matrix  agrees  with  that  of  the  free  form  spline,  if  both  midpoint  knot 
parameters  are  equal  to  Therefore,  the  left  tangent  at  point  Pj  is 


and  the  right  tangent  evaluated  by 
dQ(s)| 


;e  Q(s)  to  the  right  of  point  P2  is 


a(P,-Pj).  (3.2S) 

In  order  to  assure  continuity  at  the  joint  Pj,  the  value  of  a and  b must  be 
the  same.  This  is  the  reason  why  the  tension  parameter  t replaces  both  a and  b 
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in  the  tensioned  cardinal  spline,  thus  removing  the  extra  degree  of  freedom 
of  varying  the  tvro  independent  knot  spadngs. 

Although  the  locality  of  a spline  is  determined  by  the  number  of 
changed  curve  segments  with  a modification  of  a data  point  position,  the 
locahty  can  also  be  described  by  the  number  of  changed  curve  segments  with  a 
change  of  a parameter  value.  If  the  above  parameter  "a " (=  b = t)  is  to  have  a 
different  value,  then  the  same  value  of  'a"  should  be  appUed  to  entire  curve 
segments.  Otherwise,  the  joint  between  two  curve  segments  whose  tension 
parameter  differs,  fails  to  be  C'  continuous.  Consequently,  the  same  tension 

distance  between  the  endpoints. 

Figure  3*26  illustrates  the  use  of  a tensioned  cardinal  spline  for  the 
removal  of  a wiggle  in  the  same  example  as  the  last  section.  In  the  interval 
IPs.Pa),  the  wiggle  is  removed.  Nevertheless,  the  interpolation  in  the  region 

wiggle  was  applied  in  this  region.  The  tension  cannot  be  selectively  applied  in 
each  interval  because  of  the  C'  constraint.  Moreover,  the  long  interval  lenglli 
in  [F2.P3I  acts  to  flatten  the  curve.  Besides  being  unnatural,  such  linearity 
prohibits  even  a small  amount  of  inflection  on  the  curve,  which  is  one  of  the 
reasons  why  the  cuNc  spline  was  employed. 

Figure  3-27  illustrates  another  aspect  of  tensioned  cardinal  splines  with 
curves  corresponding  to  two  different  tension  values.  A curve  with  a tension 
value  of  .5  coincides  with  an  ordinary  cardinal  spline,  which  is  not  tensioned. 
In  a curve  with  a tension  of  1.5,  Ihe  left  and  right  tangents  at  point  Pj  are 
denoted  by  D.,  respectively.  Suppose  we  are  not  satisfied  with  the  linearity 
of  the  curve  with  a tension  of  .5  in  the  interval  (Pj.P^J.  Then  we  might  be 
increasing  Ihe  degree  of  inflection  in  this  region  by  setting  the  tension  as  1 J. 
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However,  the  problematic  area  of  the  curve  at  hand  is  in  the  region  |p2,P3? 
this  time.  Because  of  the  application  of  the  same  tension  value  in  the  short 
interval,  the  curve  shows  overshoot  in  this  region.  In  addition,  the  constraint 
of  the  tangential  magnitude  that  the  left  and  right  tangents  must  be  the  same, 
makes  the  curve  show  greater  curvature  near  point  Pj  than  near  point  p2- 
Therefore,  resulting  curve  shape  is  hardly  acceptable  as  a reasonable 

In  contrast,  the  midpoint  knot  parameters  of  G'  free  form  splines  can 
vary  for  each  data  point.  A parameter  value  at  a data  point  affects  only  two 
curve  segments  adjacent  to  the  point  so  that  the  parameter  can  be  applied 
locally.  Most  importantly,  distance  information  can  be  incorporated  into  the 
spline  in  such  a way  that  could  adjust  tension  in  the  longer  or  shorter 
interval.  For  Instance,  while  reducing  the  wiggle  in  the  shorter  intervaJ,  the 
Type  n spline  can  introduce  an  arbitrary  amount  of  inflection  in  the  linear 
region  as  was  shown  previously  in  Figure  3-15.  Therefore,  G'  free  form 
splines  can  be  said  to  have  more  flexibility  compared  with  the  tensioned 
cardinal  spline. 

It  is  important  to  note  that  the  random  assignment  of  a and  b values 
can  produce  G'  continuity  at  some  data  points,  as  can  be  deduced  from 
Equation  3.25,  since  the  left  tangent  is  a scalar  multiple  of  the  right  tangent. 
Nevertheless,  these  random  values  affect  the  curve  shape  between  the 
intervals  in  such  an  unpredictable  way  as  to  be  unacceptable  as  a proper 
interpolation  scheme.  The  curve  may  exhibit  extreme  oscillation  or  inflection 
between  the  endpoints,  and  the  major  factor  that  causes  this  behavior  is  that 
the  curve  should  meet  the  very  restrictive  constraint,  that  the  tangential 
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endpoinu  has  left  the  tensioned  cardinal  splines  with  more  restrictive  C' 
continuity. 

Although  the  Hermite  form  of  cardinal  spline  appears  to  embody  the 
knot  spacing  parameter,  it  is  different  from  out  formulation  of  free  form 
splines.  The  first  two  columns  of  the  B matrix  of  the  cardinal  Hermite  form 
in  Equation  3.23  are  constant,  even  in  chord  length  paiametiization.  The  only 
way  the  knot  spadrtg  could  affect  the  spline  is  by  way  of  the  last  two  columns 
of  the  B matrix.  Although  a modification  of  these  two  columns  subsequently 
affects  the  magnitude  of  the  slope  at  points  P,  and  Pj,  namely  (Ps-P,)  and  (P,- 
Pj),  only  the  magnitude  of  these  vectors  can  be  changed  as  a result  of  the 
varUdon  in  the  knot  spacing. 

In  contrast,  free  form  splines  do  use  entire  columns  of  Equation  3.22  to 
influence  the  curve  shape,  so  that  the  resulting  curve  is  not  merely  a change 
of  tangent  magnitude,  but  the  adjustment  of  the  tangential  directions.  To 
make  a curve  be  G'  continuous,  there  should  be  a degree  of  freedom  in 
selecting  the  direction  of  tangents  at  given  data  points,  since  the  direction 
immediately  affects  the  tension  of  a curve  (Man7S).  Otherwise,  the  curve  will 
undergo  an  unnatural  oscillation  between  these  data  points  to  adjust  itself  to 
the  fixed  tangential  directions  at  these  points- 

One  approach  to  remove  this  resliictiveness  in  the  tangential  direction 
of  the  data  p^nls  is  presented  by  Kochanek  [Koc84j.  Starting  with  the  Hermite 
form  of  ordinary  cardinal  splines,  he  has  modified  the  slope  component  of 
the  point  matrix,  in  such  a way  that  the  tangent  direction  can  be  adjustable.  In 


^•Pj  = IPi-Pjl+fPj-Pj). 
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In  an  attempt  to  control  the  curve  shape,  these  two  vectors  are  weighted  by 
certain  parameters  such  that 

P*-?!  • ki  (Ps-Pji+kj  (P3-P2) 

where  the  weighting  factors  k,,  kj  are  freely  modified  to  control  the  tangent 
and,  thus  the  shape  of  the  curve.  In  a general  expression,  his  method  in 


1 0 0 0 J|_  Dj 


with 

Di  = I Ik,  (Pi*i-Pi)+kj(Pi.p,.,)). 

Although  he  extended  the  curve  scheme  to  the  point  that  the  left  and  right 
tangents  are  not  the  same,  our  discussion  in  this  section  will  be  restricted  to 
the  identical  tangent  case.  Further  discussion  will  follow  in  the  next  section. 

This  method  can  be  characterized  by  two  observations.  First,  the  curve 
is  not  getterally  G'  continuous,  since  the  left  tangent  is  identical  to  the  right 
tangent.  Rather,  it  can  be  said  to  be  C'  continuous  where  the  left  and  right 
tangents  are  the  same.  Therefore,  the  variety  of  the  curve  shapes  extractable 
from  the  G’  class  could  not  be  covered.  Second,  despite  the  fan  that  it  is  C’ 
continuous,  the  formulation  is  not  based  on  the  chord  length  information. 
Therefore,  the  method  works  well  when  the  data  points  are  equidistant,  but  it 
demands  iterative  readjustment  of  the  wdghtlng  factors  if  the  data  points  are 
not  equally  spaced.  In  practice,  situations  when  data  points  are  equidistant  are 


rare.  The  difficulties  involved  in  the  iterative  manipulation  of  the  shape 
control  parameters  are  mentioned  in  the  next  section. 

In  summary,  free  form  splines  are  more  flexible  than  tensioned 
cardinal  splines  in  that  the  direction  of  tangents  can  be  freely  adjusted.  From  a 
mathematical  viewpoint,  they  belong  to  the  class  of  G'  splines  encompassing 
more  cUverse  curve  shapes  than  C'  splines,  which  are  a special  case  of  G' 
splines.  Moreover,  the  chord-length  dependency  of  free  form  splines 
fedlitates  the  manipulation  of  general  random-spaced  data  points  which  are 
not  necessarily  equidistant.  The  flexibility  in  selecting  the  tangential  direction 
of  free  form  splines  will  be  explained  further  in  the  next  section,  in 
conjunction  with  a method  to  controi  the  curve  shape  interactively. 

Appiicabcm:  An  Interactive  Motion-Path  Generalor 

This  section  extends  the  use  of  free  form  splines  as  an  interactive 
animation  tool  to  generate  a motion  path.  Most  frequently,  animators  design 
a motion  path  inleraclively,  rather  than  resorting  lo  Ihe  three  types  of 
automatic  means  described  in  previous  sections. 

To  date,  research  into  control  of  curve  shapes  has  mainly  relied  on  ihe 
introduction  of  new  parameters  (Nie74,  Bars83,  Bars84,  FolM,  Koc84).  The 
designers  had  a rough  idea  of  what  the  curve  will  look  like  when  they  change 
the  parameters.  Nevertheless,  the  exact  behavior  of  the  curve  could  hardly  be 
predicted  and  it  was  left  to  the  designer  to  iteratively  vary  and  fine  tune  Ihe 
parameter  values  until  they  reach  a satisfactory  curve  shape.  This  happens 
because  the  parameter  values  are  sctlar$  which  cannot  directly  interact  with 
our  visual  perception,  while  the  data  points  related  lo  the  parameters  are 
geometric.  For  instance,  one  may  question  exactly  how  a beta  spline  will 
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behave  near  a data  point  if  the  bias  parameter  at  the  point  is  changed  from  .5 
to  .7. 

The  greatest  advantage  of  free  form  splines  developed  earlier  lies  in 
the  fact  that  the  specification  of  tangent  vectors  at  data  points  can  directly  lead 
to  the  piecewise  formulation  of  the  splines.  Exploiting  this  advantage,  the 
only  thing  designers  need  to  do  is  to  draw  tangential  directions  for  individual 
data  points.  They  can  specify  how  the  curve  will  proceed  at  the  data  points 
simply  by  drawing  a vector  at  that  point  It  Is  the  responsibility  of  G'  free  form 
splines  to  produce  curves  which  exactly  malch  these  tangents.  This  way,  the 
interaction  between  computer  and  designer  becomes  easier  and  simpler 
because  il  is  no  longer  necessary  lo  predict  the  visual  effect  that  the  scalar 
parameter  will  cause. 

This  section  reviews  previous  research  done  on  the  control  of  curve 
shapes  and  presents  a new  method  enabling  more  flexible  control  of  the 
curve  shapes  based  on  G'  tree  form  splines. 

Relevant  Works 

Before  investigating  previous  works,  let  us  briefly  examine  the  dual 
usage  of  a spline  curve. 

A spline  can  be  used  for  two  purposes  in  animation.  Rgure  3-28 
Illustrates  this  point.  At  time  l = 1,  a snapshot  of  four  data  points  P],  Pj,  Pj,  P< 
can  be  interpolated  by  using  a spline  to  produce  a space  curve.  Suppose  the 
four  poinU  change  their  positions  as  a function  of  time,  such  that  their 
locations  appear  as  in  Rgure  3-28  al  time  I = 2 and  I = 3.  With  respecl  to  point 
P|,  three  data  points  are  given  in  the  time  axis.  Imerpolaling  the  three 
locations  for  the  same  point  P]  corresponds  lo  generating  a locus  of 


movement  In  the  time  axis  for  the  data  poiru,  and  a spline  was  used  for  the 
generation  of  motion  path  for  individual  data  points  in  space.  Therefore, 
control  of  the  shape  of  the  motion  path  can  directly  apply  to  control  of  the 
shape  in  space. 

There  have  been  efforts  to  control  the  shape  of  three'dimensionaJ 
space  curves  in  terms  of  bias  and  tension  fNie74,  Bars83,  Bars84,  FolSb,  Koc84j. 
The  term  control  of  tension  represents  making  a curve  tighter  or  looser  at 
data  points  [Nie74,  KocB4)  or  on  the  curve  segments  between  data  points 
[BarsS4,  Fol86,  SchBBI.  In  general,  a curve  can  be  said  to  be  highly  tensioned  if 
the  curve  shape  tends  to  be  linear  between  data  points.  For  instance,  a Type  II 
spline  exhibits  lowest  tension  relative  to  other  splines,  as  was  shown  in 
Figure  3-19. 

The  term  bias  has  been  used  to  represent  the  variation  of  tangential 
direction  at  data  points.  The  bias  can  be  used  to  simulate  the  traditional 
animation  effect  of  following  through  after  an  action,  or  anticipating  a 
movement  (ThoSl,  Las87).  Actions  hardly  come  to  a sudden  and  complete 
stop,  but  are  generally  carried  past  their  termination  point.  For  example,  a 
hand  will  follow  through  after  throwing  a ball.  This  tendency  to  preserve  the 
previous  direction  can  be  shown  near  point  P3  in  Figure  3-31.  The  tangent  at 
point  P3  resembles  the  vector  (P3-P2)  so  that  the  direction  of  the  curve  persists 
even  after  it  passes  through  point  P3. 

On  the  other  hand,  anticipation  prepares  for  a movement.  It  is  a 
technique  to  catch  the  audience's  eyes,  to  prepare  them  for  the  next 
movement  and  let  them  expect  it  before  if  actually  occurs.  For  example,  the 
tangent  at  point  Pj  in  Figure  3-33  resembles  the  vector  (P4-P3)  rather  than  the 
vector  (P3'P2).  Therefore,  the  motion  path  can  be  controlled  to  change  its 
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direction  before  it  acnially  reaches  point  Pj,  and  prepares  for  the  ne»t 

As  approximating  splines,  Beta  splines  |Bars83.  BarsSS]  were  modeled 
with  the  inherent  capability  of  controlling  the  shapes  using  a pair  of  scalar 
parameters,  bias  and  tension.  Curve  shapes  are  determined  by  the 
specification  of  two  independent  parameters.  With  a fixed  bias  value,  the 
effect  of  the  variation  of  tension  can  be  easily  recognized.  Similarly,  a bias 
effect  can  be  examined  only  if  the  tension  is  set  fixed.  However,  it  is  hard  to 
predict  a curve  shape  produced  by  the  combination  of  the  two  parameters, 
since  a tension  betvreen  data  points  can  affect  the  bias  on  the  same  data  points. 
In  practice,  the  two  parameters  interact  with  each  other  during  the 
formulation  of  the  curves,  even  if  designers  think  they  are  independent. 

In  the  area  of  interpolating  splines,  Nielson  developed  the  v-spline 
(Nle74,  Far90]  as  a polynomial  alternative  to  Schweikerl’s  exponential-based 
cubic  spline  f5ch66],  the  spline  under  tension.  He  noticed  that  the  exponential 
function  is  a major  impediment  to  efficient  evaluation  of  the  splines  and 
replaced  If  with  a G*  continuous  IBarsSS)  polynomial,  where  the  difference  of 
the  second-order  left  and  right  derivatives  is  set  as  a multiple  of  the  first- 
order  derivative  at  a data  point.  The  propordonality  constant,  being  set  as  the 
tension  parameter  at  the  poini,  linearizes  Ihe  curve  as  U approaches  infimty. 
Unfortunately,  the  method  lacks  a malhematical  proof  of  the  existence  of  a 
unique  solution  [BarsB3,  Far901.  Experiments  on  negative  tension  values  in 
the  v-splines  can  be  found  in  (FarSS).  However,  finding  a good  tension  value 
is  not  a trivial  matter  and  no  automatic  method  for  doing  so  is  yet  known. 

Given  data  points,  and  the  corresponding  tangents,  Hermile 
interpolation  (Far90|  can  be  used  to  produce  C'  cubic  splines.  The  tangents 
should  be  specified  in  both  magnitude  and  direction.  The  tangential  direction 


can  be  predicted  in  such  a way  that  it  could  fit  the  desired  shapes.  However, 
from  a designer’s  viewpoint,  the  specification  of  tangential  magnitude 
belongs  to  a difficult  task.  For  instance,  one  might  have  no  idea  how  the 
curve  will  change  if  the  magnitude  of  a data  point  is  multiplied  by  a factor  of 
ten.  Moreover,  the  curve  generated  by  such  repetitive  maiupulation  belongs 
to  the  C’  class,  which  has  highly  restrictive  tangential  constraints,  and  has  less 
variety  than  the  G’  dass  free  form  splines. 

Kochaneck  [Koc84|  has  defined  both  bias  and  tension  as  a weighting 
function  of  two  vecton  formed  by  subtracting  three  adjacent  data  points.  He 
even  allowed  the  left  tangent  to  be  different  from  the  right  tangent  at  data 

defined  by  the  multiplication  of  the  three  parameters— bias,  tension  and 
continuity.  One  of  the  difBcuJties  with  this  approach  is  that  the  combination 
of  parameters  may  yield  unexpected  shapes.  For  instance,  specification  of  zero 
contmuity  yields  the  same  curve  as  a curve  with  a tension  value  of  one.  If  an 
animator  deddes  to  let  the  tension  be  one,  he  should  strive  to  make  the 
continuity  parameter  approach  zero  to  maintain  a consistency  in  his 
spedficadon  of  parameters.  That  is,  he  needs  to  have  an  a priori  knowledge  of 

approach  is  that  the  curves  in  general  are  not  only  discontinuous  in 
tangendal  magnitude,  but  also  discontinuous  in  the  direction  of  tangents. 
Generally,  the  curves  are  neither  C’  continuous  nor  G'  continuous. 

To  characterize  previous  research  done  in  the  control  of  curve  shapes, 

useful  to  designers.  For  instance,  one  may  randomly  spedfy  the  values  of  the 
three  parameters— bias,  tension  and  continuity.  The  animator  should  be 
prepared  with  some  knowledge  of  what  bias,  tension,  and  continuity  are. 


Then  he  may  increase  and  decrease  these  values  based  on  that  knowledge. 
Sometimes  he  may  encounter  imexpected  curves  caused  by  interference 
between  the  parameters,  and  have  to  replace  the  parameter  values  with  what 
he  may  think  would  have  a high  probability  of  yielding  the  desired  curve. 

Tangent  Specification  Method 

From  an  animator's  point  of  view,  the  previous  method  demands  too 
much  imagination.  Those  methods  require  that  the  operator  supply  scalar 
values  of  parameters  and  these  scatar  values  could  not  appeal  to  the  visual 
prediction  of  the  curve  shapes.  Imagination  must  be  mobilized  to  predict 
curve  shapes  from  given  scalar  parameters.  When  three  parameters  are 
involved,  such  visualization  is  not  easy,  even  though  the  concept  of 
individual  parameters  and  the  possible  interactions  among  them  are  kept  in 

General  free  form  splines  allow  us  to  reverse  the  above  procedural 
direction.  That  is,  an  imaginary  curve  will  constrain  the  parameter  values- 
Imagine  a curve  interpolating  given  data  points  without  any  concern  or 
knowledge  of  the  concept  of  the  shape  controi  parameters.  Then  one  can 
specify  the  tangenbal  directions  by  drawing  a line  segment  starting  from 
individual  data  points.  These  tangents  in  turn  will  be  used  in  the 
formulation  of  the  piecewise  G'  free  form  splines.  In  this  method,  it  Is  the 
programmer's  responsibility  to  convert  the  tangent  information  into 
corresponding  k parameters  of  the  G’  free  form  splines.  Therefore,  the  only 
task  left  to  the  animator  is  to  draw  tangential  directions  based  on  his 
imagination.  It  is  important  to  note  that  shape  control  is  now  done  by  visual 
vector  drawing  instead  of  the  specification  of  numbers. 


Figure  3-29  iUustrafes  iniKal  vector  specification.  Points  P,  through  Pj 
represent  the  data  points  to  be  interpolated  and  we  limit  our  interest  to  curve 
behavior  near  point  Pj  and  P,  for  illustrative  purposes.  Animators  can 
imagine  the  desired  curve  and  draw  tangent  vectors  at  some  data  points, 
which  for  this  example  are  points  Pj  and  P,.  The  magnitude  of  the  vector 
does  not  matter,  since  only  the  directional  information  is  used  in  the 
production  of  G'  free  form  splines.  In  the  figure,  the  direction  of  the  tangent 
at  point  Pj  resembles  the  vector  (P3-Pj)  more  closely  than  the  vector  (Pj-Pj),  so 
that  the  effect  of  follow-through  can  be  simulated.  Similarly  the  tangential 
direction  of  point  P,  resembles  the  vector  (P^-Pj).  Therefore  the  bias  is 
effectively  expressed  by  the  specification  of  tangent  vectors  starting  from  the 
data  points. 

Figure  3-33  shows  another  instance  of  vector  specification  that  will  lead 
to  inoeased  tension  in  the  intss-val  [P3,P^1.  Both  tangential  directions  at  point 
P3  and  P4  are  similar  to  the  vector  (P^-P3).  As  the  tangents  approach  these 
directions,  the  curve  will  tend  to  become  linear. 

In  essence,  G'  free  form  splines  do  not  distinguish  between  the  Was  and 
tension  parameters.  The  direction  of  tangents  determines  both.  Tension  is 
treated  as  another  aspect  of  bias  appearing  when  the  direction  of  bias  is 
modified. 

Figure  3-30  illustrates  a procedure  requited  to  compute  midpoint  knot 
parameter  i.  based  upon  the  tangent  specification  shown  in  Figure  3-29.  The 
vectors  Dj  and  represent  the  tangents  at  point  P3  and  P4,  respectively.  The 
tangent  at  P3  is  decomposed  into  its  component  vectors  (P3-P2)  and  (P4-P3). 
The  magnitudes  of  these  incoming  and  outgoing  vectors  are  marked  a and  b, 
respectively  and  they  can  be  calculated  by  a simple  dot  product  of  two  vectors. 
For  instance,  the  magnitudes  of  the  component  vectors  at  point  P3  are: 
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a = (Pj-Pj)  • Dj 

b = CP4-P3>  • Dj.  02$) 

The  same  holds  true  for  the  tangent  at  point  P4  except  that  the  incoming 
and  outgoing  vectors  are  replaced  by  (p4~P3]  and  (P5*P4},  respectively.  A direct 
consequence  of  Equation  3.9  is  that  the  ratio  of  these  two  magnitudes  is  a 
function  of  midpoint  knot  parameter  k and  the  length  of  the  incoming  and 


a ^ \W 
° k2  [Pa-Pal  • 


(3.27) 


Note  that  this  expression  is  valid  both  for  the  left  and  right  tangents  with 
different  magnitude.  The  value  of  the  midpoint  knot  parameter  i is  then 


Therefore,  a unique  midpoint  knot  parameter  value  is  determined  given  the 
direction  of  a tangent.  The  range  of  k is  confined  to  <0  c k S 1)  by  the  above 
equation.  In  addition,  since  the  k value  of  one  is  not  defined  by  Equation  3.3 
and  3.9.  such  a situation  can  be  avoided  by  assigning  an  intinitesimaliy  small 

perpendicular  to  the  vector  (P3-P2)-  in  the  spedal  case  of 


Equation  3.28  reduces  to  a Type  1 spline  as  expected.  As  can  be  seen  Figure  3- 
31.  the  resulting  curve  is  G’  continuous  while  being  faithful  to  its  original 
tangent  specification  given  in  Figure  3-29. 


Note  that  the  decomposition  of  vectors  and  thus  the  calculation  of 
midpoint  knot  value  k can  be  handled  completely  by  an  algorithm  so  that 
animators  do  not  have  to  be  concerned  about  it. 

Figure  3-32  illustrates  another  aspect  of  the  tangent  specification 
method  from  the  point  of  view  of  tension  control.  In  this  figure,  the 
relaxation  of  tension  appears  as  two  extraneous  inflection  points,  inflection 
point  1 and  inflection  point  2 in  the  region  [Pj.P^].  Compare  this  with  the 
curve  in  Figure  3-31  which  shows  a single  reflection  point  after  pcant  Pj.  The 
inflection  point  2 is  caused  by  making  the  tangent  at  point  P^  similar  to  the 
vector  {P5-P4)  rather  than  (P4-P3).  The  curve  shows  inflection  before  it  reaches 
point  P4  to  meet  the  requirement  of  the  tangent  direction  at  that  point. 
Therefore,  the  tension  can  be  controlled  near  both  ends  of  the  Inlerval  (Pj,P4l, 
either  individually  or  simultaneously.  Often,  preference  is  given  to  tighter 
curves  to  prevent  an  overshoot.  Figure  3-33  illustrates  another  case  of  the 
tangent  -specification  with  corresponding  curve  shape.  In  this  figure,  both 
tangents  at  points  P3  and  P4  are  leaning  toward  the  vector  (P^-Ps),  making  the 
curve  linearized  in  the  interval  IP3.P4I.  The  more  each  tangent  resembles  the 
vector,  the  higher  the  curve  will  be  tensioned. 

In  G’  free  form  splines,  a midpoint  knot  parameter  divides  the  curve 
segment  into  two  intervals  centered  at  that  point.  Therefore,  a cubic  curve  in 
one  interval  is  affected  by  two  midpoint  knot  parameters  corresponding  to 
the  two  endpoints  at  both  ends  of  the  interval.  In  addition,  two  exterior 
points  neighboring  them  also  affect  the  curve  segment.  Hence  modiflcation  of 
a data  position  affects  four  curve  segments  including  the  curves  not 
neighboring  the  point.  Compared  with  this,  modification  of  a tangeni  at  a 
point  affects  only  two  curve  segments;  the  segments  to  the  left  and  right  of 
the  point,  whose  visual  properties  upon  change  of  the  tangent  direction  can 
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be  predicied  intuidvely.  Therefore,  the  tangent  spedfication  method 
facilitates  tightly  localized  control  of  curve  shape  without  further 
complicating  nearby  curve  segments. 

Figure  3-34  illustrates  shape  control  by  a general  free  form  spline  which 
is  not  G*  continuous.  For  instance,  an  animator  may  want  to  make  the  curve 
in  the  interval  [P3,P^]  highly  tensioned,  yet  may  not  be  satisfied  with  the 
inflection  in  the  interval  (P2J3I  appearing  in  Figure  3-33.  Since  the  inflection 
to  the  left  of  point  P3  in  Figure  3-33  is  caused  by  the  G’  constraints,  one  now 
has  to  sacrifice  this  continuity  to  remove  the  inflection.  The  G'  continuity  has 
to  be  traded  off  for  more  freedom  in  controlling  the  shape.  In  this  figure, 
and  Dh3  represent  the  left  and  right  tangents  at  point  P3,  while  and  Dg4 
are  those  at  point  P4.  The  tangents  D[j  and  Djy  are  dose  to  the  vectors  (Pj-Pj) 
and  (P5-P4)  to  make  the  curve  highly  tensioned  in  the  interval  IP3-P2)  and  (Fj- 
P4).  The  bias  caused  by  tangents  and  D|^  shows  a relaxed  tension  in  the 
region  IP4-P3I.  This  dual  definition  of  the  tangents  agrees  with  our  original 
definition  of  free  form  splines,  where  the  parameters  u and  v were  used. 

For  instance,  the  parameter  u can  be  replaced  by  the  I:  value  matching 
the  tangent  D143,  and  the  parameter  v can  be  replaced  by  the  1:  value  matching 
the  tangent  to  produce  the  curve  in  the  interval  |P3,P4l.  The  midpoint 
knot  parameter  k can  be  calculated  using  the  same  decomposition  procedure 
as  described  above,  and  inserted  into  Equation  33  to  yield  a general  expression 
for  free  form  splines.  Comparison  of  the  curve  near  points  P3  and  P4  shows 
that  the  curve  near  point  P3  has  more  prodmity  to  the  G'  free  form  spline 
than  the  one  near  point  P4.  li  the  left  and  right  tangents  are  more  alike  in 


point.  Exploiting  this 
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disconlinuily  by  adjusting  the  direction  of  the  left  and  right  tangents  at 

the  motion  path  during  animation.  Compared  with  the  previous  approach 

directly  to  formulation  of  piecewise  curves  that  match  the  specified  tangent 
directions.  An  intentional  violation  of  the  visual  continuity  can  also  be 
incorporated  into  this  method  where  the  degree  of  discontinuity  can  be 
controlled  by  the  similarity  between  the  left  and  right  tangents.  Moreover, 
bias,  tension,  and  continuity  parameters  are  integrated  into  the  directional 
tangents  in  our  method. 


By  noting  the  characteristics  of  the  visually  continuous  class  of  splines, 
we  could  remove  the  undesirable  feature  of  the  general  interpolating  splines, 
called  wiggles. 

Our  contribution  in  this  chapter  is  that  the  visually  continuous  class  of 
splines  has  been  mathematically  formulated  in  an  analytic  matrix  form.  To 
date,  no  known  solution  to  the  visually  conhnuous  class  of  splines  has  been 
presented  in  its  analytic  form.  By  extending  the  class  of  splines  with  plain 
vector  calculus,  we  could  define  characteristic  constant  d that  could  be 
effectively  utilized  to  control  the  curve  shapes,  and  to  remove  the  wiggles  as 
well.  Finally,  as  an  application  of  the  use  of  the  characteristic  constant,  an 


developed. 
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wiggle.  The  iension 
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Figure  3-27.  Slope  veclors  of  tensioned  cardinaJ  splines.  D,  and  D,  represent 
the  left  and  right  tangents  at  point  Pj,  respectively. 
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Figure  3*29.  Direction  of  tangents  specified  by  . 
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Figure  3-30-  Construction  of  midpoinl  knot  parameters  by  a decomposition  of 
the  directional  vectors  in  Figure  3-29.  Computed  k vaiues  are  .5,  .25,  .5,  .25  at 
points  F->  through  sequentially. 
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sequentially. 
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Figure  3-33.  Increase  ol  the  tension  in  the  intervaJ  (Pj,?,).  Dj  and  represent 
the  tangents  at  points  Pj  and  F^,  respectively.  Computed  k valu&  are  .5,  .5,  .5, 
.5  at  points  Pj  through  P5  sequentially. 
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Figure  3-34.  Breakup  of  G'  continuity.  D[j  and  Dgj  are  the  ie/t  and  right 
tangents  at  point  P3,  while  and  are  those  at  point  P^.  Computed  k 
values  are  .1  for  D(_3,  .25  for  D^,  .5  for  D|j,  1 for  Dg,.  AdditionaJ  tangent 
condition  is  that  the  right  tangent  of  point  Pj  has  k value  of  1 and  the  left 
tangent  of  point  Fj  has  that  of  .1. 


CHAPTER  4 

CONTROL  OF  MOTION  SPEED  IN  ANIMATION 
Introduction 

The  display  of  animation  sequences  is  produced  by  showing  a series  of 
changing  still  pictures  at  a constant  repetition  rate.  For  video-compatible 
systems,  the  frame  rate  is  30  per  second  to  create  the  illusion  of  reasonably 
smooth  motion.  In  particular,  the  speed  of  animation  is  controlled  by  the 
number  of  frames  for  a given  sequence.  For  instance,  consider  the  animation 
of  an  atom  moving  through  a pair  of  fixed  positions,  A and  B in  space.  If  the 
motion  between  the  two  positions  is  captured  and  displayed  with  100  frames, 
this  motion  will  appear  about  ten  times  slower  than  the  one  with  ten  frames. 
Replay  during  sports  broadcasting  applies  this  visual  effect  for  closer 
inspection  of  movement. 

If  the  motion  path  of  the  atom  is  expressed  in  terms  of  a normalized 
parametric  curve  P(s).  then  it  can  be  said  that  the  atom  moves  from  A to  B 
while  the  parameter  s runs  from  zero  to  one.  That  Is,  the  locus  of  the  atom  is 
a mapping  from  the  s parameter  domain  into  three-dimensional  space.  In 
case  eleven  frames  are  required  to  describe  the  motion  from  A to  B 
inclusively,  the  parameter  s may  be  divided  by  ten,  such  that  the  first  frame  is 

value  of  .1,  and  the  third  by  an  s value  of  1,  and  so  on.  Then  the  question  is, 
'Does  the  atom  exhibit  constant  motion  speed  with  the  frames  generated  by 
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between  frames  is  identical  through  the  entire  sequence  of  frames,  the 
motion  speed  is  constant. 

Unfortunately,  constant  spacing  in  the  parameter  domain  does  not 
guarantee  constant  spacing  in  the  space  domain  except  in  the  case  of  a linear 
motion  path.  This  may  be  considered  as  a sampling  problem  in  the  parameter 
s space.  In  general,  dense  sampling  expands  the  detail  of  Ihe  trajectory, 
providing  a slow-motion  version  of  the  action,  and  sparse  sampling 
compresses  the  detail,  providing  a time-lapse  version  of  the  action. 
Nevertheless  this  is  not  necessarily  true  for  the  motion  path  generated  by  a 
cubic  spline  where  a small  increment  of  the  parameter  s may  prodixce  a large 
distance  gap  and  vice  versa.  A further  requirement  concerning  the  control  of 
the  motion  speed  is,  "Can  we  even  accelerate  and  decelerate  the  motion  speed 
in  the  parametric  curves  by  proper  sampling  of  the  s parameter?"  This 
problem  is  known  as  tinemalic  adjuslment  or  cantraf  of  motion  speed,  or 
molian  dynamics  in  animation,  and  this  chapter  is  devoted  to  solving  this 
problem. 

In  an  animation  of  protein  folding,  the  motion  speed  of  a single  atom 
can  be  said  to  determine  the  speed  of  the  transition  from  one  folding  state  to 
another.  Since  our  animation  system  for  protein  folding  is  based  on  the 
inbetweening  of  key  frames  representing  the  folding  intermediates,  the 
control  of  speed  in  the  inbetweened  frames  is  Important.  Figure  4-1  illustrates 
the  case  when  no  motion  control  strategy  is  taken.  Consider  the  position  of  an 
alpha  carbon  at  three  sequential  lime  instances  It  - 0),  (t  = 1),  and  (t  = 21-  The 
alpha  carbon  in  each  instance  can  be  assumed  to  be  part  of  the  whole 
backbone  chain  representing  a folding  state.  Given  the  three  folding  stales 
corresponding  to  each  time  instance,  spline  interpolation  can  be  used  to 
interpolate  the  motion  path  of  Ihe  atom-  However,  Ihe  motion  path  is 
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contimiaus  while  the  atomic  positions  to  be  generated  are  disaete.  One 
cannot  generate  an  infinite  number  of  atomic  positions.  Unfortunately,  the 
splines  employed  to  produce  the  motion  path  do  not  a offer  convenient 
mechanism  to  place  each  alom  with  a proper  interval  between  the  atoms.  If 
constant  knot  spacing  is  used  in  an  attempt  to  make  a constant  intec-atomic 
distance,  the  atomic  positions  appear  as  in  Figure  4-1.  Note  that  the  positions 
do  not  indicate  multiple  positions  in  a fixed  time  sense.  Instead,  the  flgure 

one  displays  these  frames  each  made  up  of  the  given  sequential  atomic 
position,  the  motion  is  explicitly  slowed  down  near  the  position  at  time  (t  = 
0),  (t  ~ 1)  and  (t  = 2).  In  the  meantime,  the  motion  speeds  up  and  then  slows 
down  in  between.  The  example  shown  here  is  a particular  case  and  the 
relative  spatial  distribution  of  the  inbetweened  atoms  is  even  less  predictable 
In  general.  As  long  as  the  unnecessary  slowdown  and  speedup  persists,  and  as 

difficulty  in  capturing  the  smooth  motion  transition  which  is  the  original 
purpose  of  the  animation. 

Figure  4-2  illustrates  the  atomic  positions  produced  by  the  speed 
control  method  described  in  this  chapter.  Although  it  can  also  incorporate 
various  effects  such  as  acceleration  and  deceleration,  the  constant  speed  is 

oul  to  some  degree,  thereby  assuring  conslani  motion  speed. 

This  chapter  develops  a method  to  control  the  motion  speed,  using  an 

techniques,  Lookahead  Adjustment  and  Averaging  Adjustment,  will  be 
combined  with  Inaemental  Knot  Spacing  to  make  up  our  moHon  control 


Figure  4-1.  A spatial  distribution  of  an  atom  in  time  domain  with  constant 
knot  spacing.  Between  the  time  (I  = 0)  and  (I  ■ 1),  {t  = 1)  and  (I  = 2).  the 
motion  is  accelerated  and  then  decelerated  upon  sequential  display  of  the 
atomic  positions. 
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Literature  Review 


Animation  in  the  context  of  computer  graphics  can  be  dassihed  in  two 
categories:  in  keyframe  aRimatien,  the  motion  is  determined  from  a series  of 
interpolatory  positions  between  pairs  of  key  frames  whiie  in  dynamic 
simutation.  the  motion  is  determined  from  a physicai  law.  Given  a pair  of 
key  frames,  generation  of  arbitrary  interpolatory  frames  is  often  called 
inbelweening  and  the  frames  thus  generated  are  called  inbetween  frames. 
Usually,  the  inbetweening  is  done  between  a pair  of  points  belonging  to  the 
corresponding  key  frames,  and  the  inbetween  frames  can  be  constructed  from 
the  collective  intermediate  points  making  up  a still  frame.  Our  concern  in 


this  chapter  is  with  keyframe  animation,  particularly  in  the  control  of  timing 
in  the  automatic  inbetweening  system. 


In  most  early  keyframe  animation,  linear  interpolation  was  used.  For 
instance,  in  the  animation  system  developed  by  Burlnyk  and  Wein  [Bur71, 
ThaSSJ,  an  example  is  given  about  the  transformation  of  an  alphabet  to 
another  alphabet  character.  If  the  character  "n"  is  to  be  changed  into  the 
character  "R",  then  both  characters  are  decomposed  into  equal  number  of  line 
segments  so  that  an  endpoint  of  the  line  segment  in  "n"  can  be  mapped  into 
another  endpoint  in  'R"  in  a one-to-one  manner.  Between  the  two 
endpoints,  the  motion  path  is  assumed  to  be  linear.  The  primary  reason  the 
linear  motion  path  is  employed  here  is  that  linear  interpolation  assures 
relatively  easy  control  of  motion  speed.  For  instance,  the  motion  speed  will  be 
constant  with  constant  increase  in  parameter  s domain.  Nevertheless,  linear 
interpolation  cannot  produce  a smooth  motion  path  and  sometimes  it  even 
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shows  distortion  o/  an  object  while  in  animation  !Koc84).  Thus  it  was 
abandoned  in  favor  of  a more  natural  cubic  spline  interpolation. 

simplified  form,  a stick  figure  or  a skeleton  |Bur76].  Since  a skeleton  can  be 
drawn  easily,  the  dense  skeletons  drawn  between  key  frames  take  the  role  of 
additional  intermediate  key  frames  so  that  the  motion  speed  and  the  motion 
path  can  closely  be  controlled.  Although  Akima's  parametric  curve  fitting 
lAklTO)  is  used  in  this  scheme  to  smooth  the  motion  path,  the  motion  speed 
and  motion  path  in  this  scheme  are  mainly  controlled  by  an  interactive  trial 
and  error  procedure  in  the  lowest  level  from  which  no  further  inbetweening 

frames,  the  burden  of  kinemadc  adjustment  is  left  to  the  user  in  practice  . 
Further,  the  polygons  enclosing  the  sbck  figures  still  were  associated  with 
linear  artifacts  [BartS9j  in  this  method. 

Another  approach  that  requires  a user  specification  down  to  the  level 
of  Inbetween  frames  can  be  found  in  GENESYS  |Bae69J.  Here  the  animator 
provides  a combined  description  of  the  path  and  timing  of  a motion  by 
drawing  motion  paths  called  F-curves  on  a digitizing  tablet.  The  shape  of  a P- 
curve  defines  the  inbetweening  trajectories  of  the  moHon  path.  In  practice,  a 
trail  of  symbols  is  used  instead  of  a continuous  line  to  depict  the  path,  and  the 
symbols  represent  where  the  inbetween  frames  should  be  pul  on  the  motion 
path.  In  addition,  the  symbols  are  spaced  equally  in  time  so  that  the  dynamics 
are  represented  by  the  local  density  of  the  symbols.  Therefore,  control  of  the 
motion  speed,  which  is  represented  by  relative  spacing  of  the  inbetween 
frames,  should  be  dependent  entirely  on  the  manual  interactions. 

The  moving  point  constraint  in  Reeves'  approach  (ReeSlI  offers  a 
fiu-lher  degree  of  control  to  the  P-curve  method.  A moving  point  is  defined 
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much  like  the  symbols  in  a P-curve:  a curve  In  space  and  time  which 
constrains  both  the  trajectory  and  dynamics  (i.e.,  path  and  speed)  of  a point. 
While  the  P-curve  is  focused  on  the  motion  of  a single  point,  this  scheme 
allows  the  specification  of  the  motion  of  multiple  points.  For  instance,  a 
curve  as  an  object  of  animation  can  be  approumated  by  muJfiple  points  lying 
on  it.  If  an  animator  sketches  the  motion  path  for  each  of  these  points,  the  set 
of  key  frames  and  the  set  of  moving  points  specify  a patch  network  of  the 
motion  sequence.  Then  the  set  of  key  frames  in  a single  patch  is  automatically 
inbetweened  using  such  methods  as  in  lMiu6,  Coo74|.  However,  the  motion 
speed  in  this  method  still  had  to  be  manuaUy  adjusted. 

Steketee  and  Badler  ISteSSJ  addressed  the  problem  of  the  isolation  of 
the  temporal  aspect  from  the  spatial  aspect  of  animation  so  that  each  can  be 
put  under  sejtaxate  control.  The  conmol  of  these  aspects  was  made  jMssible  by 
the  composition  of  two  functions,  the  kinetic  interpolant  and  the  position 
interpolam.  The  kinetic  interpolant  expresses  the  keyframe  sequence  as  a 
function  of  time,  and  contains  no  information  about  the  actual  values  of  the 
motion  parameter  (i.e.,  knot  parameter)  that  determines  the  position  of  the 
key  frame.  The  position  Interpolant  expresses  the  spatial  position  defined  by 
the  key  frames,  as  a function  of  keyframe  sequence.  Therefore  modification  of 
the  kinetic  interpolant  changes  the  timing  of  the  key  frames,  and  hence  the 
speed  and  acceleration  of  the  rrtoUon,  without  causing  any  change  in  the 
spatial  position  of  the  key  frames.  In  other  words,  the  motion  speed  was 
indirectly  controlled  by  adjusting  the  time  interval  between  the  display  of 
successive  key  frames,  whose  spatial  position  Is  fixed  by  the  position 
interpolant.  Although  the  function  for  frame  times  was  available  for  the 
animator  to  modify,  the  positional  change  induced  by  the  modification  of  the 
frame  time  cannot  be  intuitively  grasped  with  this  approach. 
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Bartels  and  Hardtke  [Barl89]  allowed  direct  control  of  the  motion  speed 
by  adjusting  the  sampling  speed  in  the  knot  parametet  domain.  Their 
approach  was  aimed  at  providing  the  animator  a means  of  a direct 
manipulation  of  the  object-space  speed  rather  than  the  Indirect  control  of 
speed  achieved  through  modification  of  frame  limes,  in  this  approach,  the 
desired  magnitude  of  the  speed  (i.e.,  distance  between  the  inbetween  frames) 
on  the  parametric  curve  PCs),  as  a function  of  a motion  speed  parameter  a,  is 
defined  as  a speed-profile  curve.  On  a parametric  curve  PCs),  the  knot 
parameter  s can  be  related  to  o such  that  equally  spaced  values  of  a will 
produce  values  of  s that  lead  to  the  desired  sampling  pattern  Ci.e.,  motion 
speed)  of  the  inbetween  frames  on  PCs).  That  is,  the  function  relatinf  the  knot 
parameter  s and  the  speed  parameter  a needs  to  be  determined.  If  we  define 
this  function  as  Ihefaiol  profile,  then  the  problem  of  control  of  motion  speed 
in  their  approach  reduces  to  solving  a differential  equation  about  the  knot 
profile  defined  in  terms  of  the  profile  curve  and  the  spline  function  adopted 
for  the  inbetweening. 

However,  there  are  a few  problems  associated  with  this  approach.  First, 
finding  a sequence  of  the  knot  parameter  s requires  iterative  evaiuation  of  the 
Runge-Kulta  integration  (PreSS),  which  can  be  uneconomical  in  terms  of  the 

boundary  condition  of  the  differential  equation  is  difficult  to  handle  in  some 
cases,  because  it  Intrinsically  has  a tendency  to  diverge,  depending  on  the 
situation  (PreSSj.  Third,  this  method  does  not  necessarily  result  in  "hitting  the 
key  frames."  That  is,  the  key  frames  may  not  be  shown  during  animation. 
The  effort  to  control  the  spatial  distance  between  the  inbetweened  frames 
removes  key  frames  from  the  animation  stream  instead.  The  main  reason  for 
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The  approach  taken  in  this  chapter  shares  some  ideas  with  the  above 
approach.  For  instance,  we  adopt  the  speed  profile  curve,  and  use  a simitar 
relation  between  the  motion  speed  and  the  inter-frame  distance.  However, 
our  approach  removes  the  evaluation  of  the  differential  equation  and 
replaces  it  with  simpler  caiculations  followed  by  aigorithmic  adjustments. 
The  direct  consequence  of  incorporating  the  algorithmic  adjustment 
procedures  is  that  it  guarantees  one  will  hit  the  key  frames  while  providing 
appropriate  motion  speed  to  the  inbetweened  frames.  The  work  done  in  this 
chapter  is  required,  since  our  prototype  system  described  in  Chapter  5 is  based 

lacrementai  Knot  Soadng  Method 

The  principal  difference  between  Bartels  and  Hardtke’s  approach 
|Bar89l  and  our  approach  presented  in  this  section  lies  in  the  method  for  the 
determination  of  the  knot  parameter  s that  controls  the  motion  speed.  While 
they  evaluated  the  knot  parameter  s in  a continuous  fashion  requiring 
Runge-Kutta  inlegration,  our  calculation  replaces  it  with  a technique  called 
Inaememal  knot  spacing.  This  technique,  combined  with  a few  adjustments 
described  in  subsequent  sections,  puls  the  control  of  motion  speed  on  a 
simple  calculation  basis.  This  section  describes  a method  to  calculate  the  knot 
parameter  s that  could  reflect  the  desired  the  motion  speed  in  animation. 

Although  a rough  concept  of  the  speed  profrle  curve  can  be  found  in 
[BarlS9,  Mas66,  SteSS],  it  needs  to  be  more  precisely  defined.  In  our  approach. 
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of  th«  knot  parameter.  In  addition,  the  speed  proFife  curve  becomes  more 
intuitive  since  the  profile  represents  the  speed  at  the  frames  instead  of  the 
speed  in  relation  to  the  motion  parameter  a.  Figure  4-3  is  an  example  of  a 
speed  profile  curve.  The  speed  values  of  the  sequential  inbetween  frames 
numbered  1 through  5 are  shown  with  corresponding  magnitudes,  6] 
through  65.  Note  that  what  we  define  as  a speed  profile  is  the  discretized 
version  of  the  conventional  continuous  speed  profile  curve  t(o).  Hence  the 
continuous  profile  can  be  approximated  by  the  disoeel  profile  simply  by 
sampling  the  continuous  speed  profile  curve  with  equldistantly  spaced  a 
values  where  the  number  of  samples  is  equal  to  the  number  of  inbetween 

Moreover,  the  speed  values  between  the  key  frames  can  be  interpolated 
such  that  the  inbetween  frames  can  be  assigned  interpolated  speed  values. 
There  is  no  restriction  on  the  inter3}olation  scheme  in  selecting  the  proper 
speed.  The  scheme  to  control  the  speed  may  be  a second  order  polynomial  to 
enable  acceleration  and  deceleration.  Figure  4-4  is  an  example  of  the  use  of  a 
B-spUne  to  interpolate  the  speed  aaoss  several  key  frames.  One  advantage  of 
interpolation  of  speed  values  is  that  it  smooths  and  spreads  out  the  speed 
values  as  it  does  in  the  interpolation  of  spatial  data  points.  Whatever  the 
condnuous  profile  curve  is,  the  discrete  speed  values  can  readily  be  taken  by 
sampling.  For  instance,  the  4|  in  Figure  4-4  is  the  disaete  speed  value 

Given  the  desired  speed  profile  along  with  the  interpoladon  scheme, 
the  conventional  approach  is  focused  on  finding  a fimction  that  relates  these 
two  input  constraints  to  the  determination  of  the  knot  parameter  si 
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such  that  the  equally  spaced  values  of  a will  produce  values  of  s spaced  along 
some  desired  pattern  of  points  on  the  tra)ectory  P(s).  To  disbnguish  this  curve 
from  the  speed  profile,  we  use  the  term  knot  profile  as  a function  from  the 
keyframe  sequence  numbet  a into  the  knot  parameter  s.  Application  of  this 
function  can  be  desaibed  as  follows.  Consider  the  case  of  constant  speed  in 
which  the  distance  between  the  inbetween  frames  needs  to  be  identical,  in 
other  words,  we  wish  to  maintain  constant  distance  between  the  sample 
pmnts  on  curve  P(s).  According  to  the  convenHonal  approach,  the  parameter 
o is  supposed  to  advance  with  constant  increments-  Then  the  knot  parameter 
$ will  be  evaluated  for  each  of  these  a values  using  the  above  equation. 
Finally,  each  evaluated  knot  parameter  s will  be  plugged  into  the  curve 
representing  P(s)  to  generate  the  sample  points  with  constant  distance.  Note 

though  the  parameter  a,  and  the  final  distance  between  frames  does. 
Therefore,  the  problem  of  control  of  the  motion  speed  is  reduced  to  finding 
the  function  that  could  relate  the  constant  a to  the  desired  sampling  pattern 
on  P(s). 

Since,  in  the  conventional  approach,  the  knot  parameter  5 is  a 
continuous  function  of  the  motion  speed  parameter  a.  evaluation  of  ds/da 

more  densely  (e.g.,  by  around  a factor  of  10)  than  the  number  of  inbetween 
frames,  and  still  the  result  exhibiU  cumulative  errors.  The  method  is  too 

roughly  approamated. 

Instead  of  using  the  above  expression  for  the  knot  parameter  s. 
Incremental  Knot  Spacing  sets  Ihe  incremental  difference  in  the  knot 


parameler  s lo  be  a function  of  the  discretized  speed  profile  «Pj  with  (i  ■■  1- 
number  of  frames). 

*S|  = = f(S(,*i).  M-2) 

The  subscript  i designates  the  ilil  inbelween  frame  such  that  Sj  produces  the 
i^  inbetween  frame  upon  insertion  into  the  spada)  interpolation  curve  P(s). 
If  a knot  parameter  Sj  is  determined  for  one  frame,  the  next  knot  parameter 
Sj^l  is  determined  utilizing  a function  of  the  current  knot  value  Sj  aixd  the 
speed  profile  value  bj.  Note  that  by  defining  this  tvay,  the  continuous 
relationship  between  the  speed  profile  variable  o and  the  knot  parameter  s 
can  be  avoided  and  hence  numerical  Integration  becomes  imnecessary. 

The  problem  of  the  parametric  representation  of  a curve  lies  in  the  fact 
that  the  iiujemental  chord  length  is  not  constant  with  constant  is.  In  Figure 
4-5,  the  distance  represented  by  iL|  is  the  spatial  distance  between  the  position 
of  the  iSil  frame  at  Pj  and  that  of  the  (i*l)Ul  frame  at  Both  positions  P, 
and  P|*]  are  mapped  from  the  knot  parameters  S|  and  Sj^.i  into  three- 
dimensional  space  and  thus  the  increment  in  the  knot  parameter  domain. 
iS|  is  mapped  into  the  spatial  displacement  iLj.  Even  though  the  knot 
parameter  s Inaeases  with  constant  steps  (i.e.,  isj  = iS2  = - = iSn.]),  the 
corresponding  increment  in  the  space,  iL|  varies  in  general.  The  deformity, 
that  a uniform  increase  in  parameter  domain  yields  nonuriiform  spatial 
distribution  in  space  domain,  is  typical  of  the  behavior  of  general  cubic 
splines  where 

P|  = f (^,  1,  Sj,  1) 


The  incremental  chord  length  between  any  two  adjacent  points  is 
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^ = I Pi.l-P|  I 
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dimensional  Euclidean  space,  and 

P,  lj  Is  the  k-component  of  the  positional  vector  Pj. 

Therefore,  evaluation  of  the  distance  between  frames  Involves  a square  root 
of  a sixth  order  polynomial  about  knot  parameter  s,  whose  coefficients 
depend  on  the  interpolation  scheme.  Because  of  this  complexity,  it  is  difficuit 
to  predict  the  behavior  of  dL  upon  constant  increase  in  the  parameter  s,  ds. 
Moreover,  a relatively  large  inoease  in  the  parameter  domain  can  produce  a 
relatively  small  spatial  displacement  between  frames.  Therefore,  the  attempt 
to  control  the  speed  dL  by  adjusting  ds  through  the  use  of  above  expression 

In  our  method,  we  concentrate  on  the  tangent  information  attainable 
from  a given  interpolation  scheme.  In  differential  geometry  (Car76l,  the  arc 
length  of  a parametrized  curve  Pis)  with  normalized  parameter  s is  given  by 


II 


with  the  tangent  vector 


idPts)i 

I ds  I 
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length.  One  consequence  of  Equation  4.4  is  that  the  tangent  vectors  can  be 
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used  as  a measure  ol  distance  between  adjacent  inbetween  frames  since  it  is 
the  rate  of  the  change  in  arc  length,  or  the  chord  length  if  the  inbetween 
frames  are  densely  spaced.  For  instance,  if  the  magnitude  of  the  tangent 

inclined  to  be  farther  apart  spatially.  If  the  tangent  vector  at  point  Pj  is 
denoted  by  d^. 


I d|  I = 


Figure  4-5  shows  a tangent  vector  d,  at  a point  Pj,  a frame  position  in  space 
produced  by  mapping  from  the  parameter  Sj.  As  is  the  case  with  differential 
geometry,  singular  points  leading  to  a | dj  | value  of  aero  should  be  avoided 
in  the  evaluation  of  d,.  Since  the  zero  tangent  means  that  the  frames  overlap 

interpolation  process.  To  further  understand  the  properties  of  the  tangent 
vectors  in  cubic  splines,  the  magrtitude  of  Ihe  vectors  was  examined  with 
constant  increase  in  the  parameter  s. 

Rgure  4-7  shows  the  position  of  inbetween  frames  based  on  the  two- 
dimensional  key  positions  in  Figure  4-6.  The  region  (key  frame  #2,  key  frame 
#31  and  (key  frame  #3,  key  frame  #4)  of  Figure  4-6  are  interpolated  using  an 
ordinary  cardmal  spline.  Nine  inbetween  frames  are  generated  between  key 
frames  #2  and  #3.  Figure  4-7  also  illustrates  the  variation  In  the  magnitude  of 
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Although  the  parameter  s inaeasea  with  conaiam  spacing,  the  distances 
between  frames  are  tmequal.  In  practice,  the  magnitude  of  the  tangent  vector 
is  a second-order  polynomial  of  the  parameter  s with  its  coefficients 
determined  by  the  positions  of  four  nearby  key  frames. 

It  is  important  to  note  that  the  shape  of  the  curve  itself  does  not  define 
the  tangential  magnitude  at  a certain  point  on  the  curve.  Although  different 
interpolation  schemes,  and  thereby  a different  mathematical  representation 
may  produce  the  same  curve  shape,  the  tangential  magnitude  at  a point  of  the 
curve  varies  depending  on  the  interpolation  scheme.  In  other  words,  the 
magnitude  of  a tangent  is  not  determined  from  the  shape  of  a curve.  It  is  not 
an  inherent  property  of  the  curve.  In  this  respect,  the  tangential  property  of 

parametric  curve  can  be  represented  as  dy/dx  with  x,  y being  Cartesian 
coordinates.  The  magnitude  of  the  tangent  can  readily  be  visualized  such  that 
it  is  large  with  steep  slope  and  vice  versa.  This  is  not  true  for  parametric 
curves,  since  the  tangential  magnitude  is  a function  of  the  underlying 
implicit  parameter  s.  Hence  the  visual  slope,  dy/dx  in  a parametric  curve, 
does  not  necessarily  coincide  with  the  magnitude  of  a tangent. 

However,  it  is  possible  to  relate  this  non-uniform  tangent  magnitude 
to  the  inter-frame  distance  to  achieve  control  of  the  motion  speed.  Since  our 
approach  is  based  on  the  discretization  of  the  speed  profile  (Equation  4.1),  the 
parameter  (Equation  4.2),  and  the  chord  length  (Equation  4.3),  the  continuous 
relationship  in  Equation  4.4  can  be  easily  converted  into  a discrete  form. 

M) 


= |d,|ASi 
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L is  the  total  arc  length  between  key  frames, 

dj  is  the  tangent  at  the  inbetween  frame  whose  position  is 

determined  by  the  interpolatory  function  P(s)  at  (s  s Sj) 

AL,  is  the  distance  from  to  inbetween  frames. 

The  direct  consequence  of  Equation  4.6  is  that  the  chord  length  between 
frames  is  directly  proportional  to  the  magnitude  of  the  tangent  and  the 
incremental  parameter  spacing.  For  instance,  In  Figure  4-7,  we  saw  that  the 
chord  length  (i.e.,  inter-frame  distance)  was  proportional  to  the  magnitude  of 
the  tangent  with  constant  incremental  parameter  spadng.  This  means  that,  to 
maintain  a constant  speed,  the  parameter  spacing  should  be  reduced  if  the 
tangent  value  is  relatively  large. 

Through  use  of  Equation  4.7,  the  total  arc  length  between  key  frames 
can  be  approidmated  by  the  sum  of  the  piecewise  line  segments  AL|  aiul  this 
summation  approaches  the  total  arc  length  as  the  number  of  inbetween 

length  between  key  frame  A and  B by  three  piecewise  line  segments.  At  the 
inbetween  frame  #3  (I  F.  #3),  the  incremental  arc  length  ALj  can  be  roughly 
approximated  by  | dj  | AS|.  The  direction  of  the  tangent  dj  approaches  more 
closely  the  vector  aF.  #3-I.F.  #2),  as  the  number  of  inbetween  frames 
increases.  As  a matter  of  fact,  the  proximity  between  the  chord  length  and  arc 
length  is  not  important,  since  what  we  perceive  as  the  speed  in  an  animadon 
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sequence  is  the  chord  length  between  irames  and  not  the  are  length.  What 
matters,  however,  is  how  to  control  the  incremental  chord  length  to  achieve 
proper  speed. 

In  order  for  the  incremental  chord  length,  dL,  to  incorporate  speed 

1.  It  should  be  proportional  to  the  total  arc  length. 

2.  It  should  be  proportional  to  the  discretized  speed  vaiue  assigned  to 

3.  The  sununation  of  the  individuai  Inaementai  arc  length  should  be 

dose  to  the  total  arc  leitgth  as  the  number  of  inbetween  frames 


To  satisfy  these  constraints,  the  expression  for  the  incremental  chord  length  is 
d^  = L-^  (4.8) 

I., 

where 

L is  the  total  arc  length, 
is  the  distretized  speed  value  at  the  iiil  frame, 
n is  the  number  of  inbetween  frames  induding  the  begiitning  key 


That  is,  the  discretized  speed  value  is  normalized  by  the  sum  of  individual 
speed  values,  so  that  Equation  4.7  is  valid  upon  summ 
Equation  4.8  Over  n frames. 

Combining  Equation  4.8  with  Equation  4.6,  we  gel  thi 
spacing  at  the  iUl  frame  as. 


(4.9) 


L is  the  total  arc  length  between  key  frames, 

F(s)  is  an  interpolation  function. 

The  incremental  knot  spacing  at  the  i^  frame  is  set  to  be  inversely 
proportional  to  the  tangents  of  the  curve  at  that  frame.  The  magnitude  and 
direction  of  the  tangents  vary  depending  upon  the  interpolation  scheme  and 
the  position  of  the  key  frames  to  be  interpolated.  However,  in  view  of  the  fact 
that  the  great  tangenKal  magnitude  amplifies  inter-frame  distance,  and  thus 
the  speed,  the  inverse  relationship  between  the  knot  spacing  and  the  tangent 
magnitude  assures  constant  speed.  This  happens  because,  if  the  inaemental 
knot  spacing  is  diminished,  the  inter-hame  distance  tends  to  decrease,  as  can 
be  verified  by  Equation  4-6.  In  contrast,  the  inaemental  knot  spacing  is  set  to 
be  proportional  to  the  discretized  speed  value  at  that  frame.  This  setting  is 
quite  natural  since  the  desired  speed  should  be  applied  proportionally  to  the 
inter-frame  distance. 

Consequently,  control  of  speed  can  be  accomplished  by  adjusting  the 
incremental  knot  spacing  ds  according  to  the  desired  speed  profile  curve.  In 
the  beginning,  the  knot  value  s is  set  to  zero  to  produce  the  first  inbetween 
frame  which  in  practice  is  a key  frame.  Then  Equation  4.9  dictates  the 
incremental  knot  spacing  As  to  be  applied  to  the  current  s value.  The 
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the  distance  from  the  Tiisl  frame  to  the  second  is  determined  from  the  knot 
value  of  the  flrst  frame  using  Ina-emental  knot  spacing. 

In  summary,  this  section  has  described  the  incremental  knot  spacing 
method  for  speed  control  in  animation.  Because  of  the  difficulties  involved 
in  evaluating  the  displacement  between  frames,  an  approach  to  control  speed 
by  exploiting  the  tangent  magnitude  is  presented.  Based  on  the  continuous 
representation  of  arc  length,  we  have  derived  a discrete-domain  counterpart 
as  an  approximation  tool.  Furthermore,  the  speed  profile  curve  has  been 
incorporated  into  the  knot  spacing  expression. 

Lookahead  Adjustment 

One  of  the  problems  associated  with  Equation  4.6  and  Equation  4.9  is 
that  it  is  valid  only  for  sufficiently  small  values  of  the  incremental  knot 
spacing.  As,  For  large  values  of  As,  the  distance  between  two  adjacent 
inbetween  frames  will  increase  and  the  tangent  may  not  properly 
approximate  the  curve  behavior  between  the  frames.  This  is  true  especially 
when  the  number  of  inbetween  frames  deaeases  so  that  the  total  arc  length  is 
approximated  by  only  a few  line  segments.  The  problem  is  undersampling  in 
which  the  each  sample  represents  the  position  of  inbetween  frames. 

Figure  4-9  illustrates  an  undersampling  error  when  three  inbetween 
frames  are  used  to  interpolate  a motion  path  F(s).  At  inbetween  frame  HI  (l.F. 
#2),  Equation  4.8  was  used  to  evaluate  the  distance  from  that  frame  to  the 
next  frame  (l.F.  *3)  to  control  the  motion  speed.  Then  from  Equation  4.5,  the 
instantaneous  tangential  magnitude  was  calculated  by  differentiating  the 


P(s).  The 


I be  estimated.  However, 


upon  insertion  o/  the  knot  value  into  curve  P(s),  the  point  on  the  curve 
conesponding  to  the  knot  value  may  not  be  in  the  desired  position  (i.e.,  I F. 
#3).  The  point  may  be  before  or  after  the  (I.F.  #3)  and  there  is  no  way  to 
predict  the  position  of  the  P(Sj)  on  the  curve. 

This  error  is  a resuit  of  the  assumption  that  the  tangential  magnitude 
is  constant  between  frames.  In  the  above  example,  the  magnitude  and 
direction  of  the  dj  were  assumed  to  be  constant  throughout  the  interval  [I.F. 
#2.  I.F.  #31  and  our  method  predicts  the  position  of  the  inbetween  ftame  #3  at 
a.F.  #3')  which  no  longer  resides  on  the  curve  PCs).  If  a sufficient  number  of 

tangents  can  properly  represent  every  instanlaneous  tangent  attainable  from 
the  curve  points  in  that  interval.  Since  the  general  cubic  spline  is  based  on 
polyrtomials  which  are  infinitely  differentiable  at  all  pomls  on  the  curve,  and 
since  the  tangential  magnitudes  can  be  represented  by  the  square  root  of  the 
second  order  polynomial  of  knol  parameler  s,  it  is  reasonable  to  assume  that 
the  tangential  magnitude  is  constant  within  a sufficiently  small  value  of  As. 

longer  the  interval  between  frames,  the  greater  the  chance  that  the  curve 
exhibits  a change  in  magnitude. 

Figure  4-10  shows  a schematic  diagram  of  Lookahead  adjustment.  The 
knot  value  corresponding  to  the  inbetween  frame  #3  as  evaluated  in  Figure  4- 
9 is  Inserted  into  the  interpolatory  curve  P(s)  so  that  the  positional  vector  P,  a 
candidate  of  the  inbetween  ft-ame  #3,  is  generated. 
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Note  that  the  trial  position  P ran  past  the  desired  position  P3.  This  situation 
may  arise  when  the  tangential  magnitude  at  position  Pj  is  underestimated. 
That  is,  the  actual  tangent  value  has  increased  in  the  interval  IP2.P3).  and  the 
tangent  at  Pj  has  failed  to  represent  all  the  tangents  in  that  interval.  Due  to  an 
underestimation  of  the  tangential  magnitude,  the  incremental  knot  spacing 
AS2  was  overestimated  and  thus  the  trial  position  ran  past  the  position  of  the 
third  inbetween  frame,  P3. 

Instead  of  using  the  trial  position  Pj  as  the  position  of  the  frame. 
Lookahead  adjustment  uses  the  tiiai  position  as  a basis  to  generate  the  proper 
frame  position.  In  Figure  4-S,  if  we  denote  the  distance  from  position  Pj  to 
trial  position  P as  AL2,  the  general  expression  for  the  reladon  between  them  is 
atj-  |p^,,-p,| 

ALj  is  the  distance  from  the  ilb  frame  to  the  (iel)^  trial  frame, 

P|.,l  is  the  position  of  the  <i-tI)Ul  trial  frame, 

P|  is  the  position  of  the  i!il  frame. 

One  way  to  exploit  this  information  about  the  distance  from  the  current 
position  to  the  next  trial  position  is  by  scaling.  Let  the  knot  sparing  originaliy 
used  to  estimate  the  trial  position  be  As,  and  the  new  knot  spacing  to  be 
evaluated  be  As^.  Then  we  consfrain  the  new  knot  sparing  such  that  Equation 

As,  AL,  = d; 

= AS|  ALj 

where 

d|  is  the  tangential  magnitude  at  the  i^  frame. 


^ith  respect  i 


If  we  regard  the  ratio  of  the  original  chord  length  to  the  trial  chord  length  as  a 
scale  factor,  then  the  new  knot  spacing  is  the  trial  knot  spacing  value 
multiplied  by  the  scale  factor.  If  the  original  chord  length  specified  by  the 
speed  profile  curve  is  the  same  as  the  trial  chord  length,  then  the  scale  factor 

hand,  the  trial  chord  length  is  greater  than  the  original  chord  length,  the  new 
knot  spadng  value  is  scaled  down,  reflecting  the  difference  in  chord  length. 

Equation  4.10  can  be  combined  with  Equation  4.9  for  an  evaluation  of 
knot  parameter  value  that  could  control  the  speed  of  animation  more 
accurately.  From  the  position  of  a current  frame,  the  nevl  frame  position  can 
be  evaluated  in  the  following  way: 

1 Equation  4.9  is  used  to  get  the  incremental  knot 
spadng  at  the  current  frame. 

2.  Incremental  knot  spadng  is  added  to  current  knot  value  to 
produce  a trial  knot  value. 

3.  The  trial  knot  value  is  inserted  into  the  expression  for  the 

interpolatory  curve  to  yield  the  trial  chord  length. 

4.  The  trial  chord  length  is  incorporated  into  Equation  4.10,  giving 

5.  The  new  incremental  knot  spadng  will  be  added  to  the  current  knot 

to  produce  the  position  of  the  next  frame. 


As  the  number  of  inbelween  frames  increases,  the  errors  at  the  individual 
intervals  between  frames  can  also  be  diminished  by  this  approach.  Although 
the  errors  due  to  constant  tangent  representation  at  a certain  interval  can  be 
greatly  reduced  with  this  approach,  there  still  remains  the  problem  of  errors 
between  the  position  calculated  from  our  approach  and  the  position  dictated 
by  the  profile  curve.  While  this  section  has  dealt  with  reducing  the  positional 
errors  between  two  adjacent  frames,  the  next  section  wilt  treat  the  cumulative 
errors  associated  with  the  total  inbetween  frames  between  a pair  of  key 


Averaeine  Adiustment 

Using  Equation  4.9,  the  spatial  distance  betvreen  adjacent  frames  and 
thus  the  speed  between  frames  can  be  calculated  based  on  the  speed  profile 
curve.  In  particular,  if  the  motion  path  between  a pair  of  key  frames  is 
inbetweened  by  a limited  number  of  frames,  application  of  a uniform  tangent 
value  between  adjacent  frames  leads  to  the  error  in  the  spatial  distance.  This 
error  is  defined  to  be  the  distance  gap  between  the  inter-frame  distance 
calculated  by  the  incremental  knot  spacing  and  the  one  spedfied  by  a speed 
profile  curve.  Although  Lookahead  Adjustment  could  reduce  the  error 
between  any  two  adjacent  frames,  the  remaining  errors  will  accumulate 
throughout  all  the  inbetweened  frames.  A direct  consequence  of  this 
cumulative  error  is  that  the  key  frame  might  be  missed  and  it  may  not  be 
displayed  as  part  of  an  animation  sequence.  Since  our  approach  is  based  on 
the  prindple  that  the  key  frame  must  be  displayed  during  animation,  the 
problem  must  be  handled  properly.  This  section  resolves  this  problem  by 
redistributing  the  cumulative  errors  into  individual  frame  distances. 
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Before  delving  Into  further  discussion,  it  is  important  to  re-examine 
the  relation  between  the  frames  and  the  normalised  knot  parameter  s.  Given 
a pair  of  key  frames  to  be  inbetweened,  the  position  of  the  first  key  frame  is 
assigned  to  be  mapped  from  the  parameter  value  of  zero  while  that  of  the 
second  key  frame  is  assigned  to  be  mapped  from  the  parameter  value  of  one. 
The  assignments  are  made  possibie  by  applying  these  constraints  into  the 
expression  for  the  spiines  representing  the  motion  path.  For  instance,  if  three 
adjacent  key  frames  KF.  #1,  #2,  *3  together  with  a pair  of  splines  P](s),  Pj(s) 

IK.P.  «1,  K.F.  #2]  based  on  the  function  P,(s).  Once  again,  the  value  of  the  knot 
parameter  s,  which  varies  between  zero  and  one,  will  be  inserted  into  F2U)  to 
produce  the  inbetweened  frame  positions.  Although  K.F.  B2  belongs  to  both 
splines.  It  is  normally  treated  as  part  of  the  second  spline.  Therefore, 
inbetweening  a pair  of  key  frames  starts  with  s value  of  zero,  which  is  the  first 
key  frame,  and  ends  with  designating  the  last  inbetweened  frame  position 
right  before  the  second  key  frame. 

Sirux  Incremental  Knot  Spacing  is  based  on  the  discrete  knot  spacing 
As,  and  since  the  knot  parameter  s is  assumed  to  be  normalized,  the  sum  of  As 
should  be  exacdy  one.  Only  if  the  sum  is  identical  to  one,  can  the  second  key 

although  the  actual  generation  of  the  key  frame  is  performed  through  the 
evaluation  of  the  spline  in  the  subsequent  interval.  This  is  true  since  the 
second  key  frame  is  assigned  to  be  mapped  from  the  knot  parameter  vaJue  of 
one  in  the  normalized  parameter  representation  of  a cubic  spline.  The  reason 
why  Averaging  Adjustment  is  needed  is  because  the  sum  of  the  discrete  knot 

reduced. 


frames  is 
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Figure  4*11  illustrates  the  Averaging  Adjustment  process.  The 
positionaJ  vectors  of  the  three  inbetween  frames  (LF.  41  through  I.F.  43), 
indudlrtg  the  Hrst  key  frame  A (I.F.  41),  are  represented  by  with  (i  s 1, 2, 3). 
The  frame  positions  calculated  by  Incremental  Knot  Spacing  followed  by 
Lookahead  Adjustment  are  shown  as  F|,  while  the  frame  positions  resulting 
from  Averaging  Adjustment  are  denoted  by  the  positional  vectors  P|. 
Consider  the  position  P3  of  the  inbetween  frame,  I F.  *3  which  is  the  last 
inbetween  frame  generated  by  the  spline  P(s).  The  key  frame  B is  treated  as  the 
first  inbetween  frame  of  the  subsequent  interval  generated  with  the  knot 
parameter  s value  of  zero.  Therefore,  Incremental  Knot  Spacing  method  will 
cease  to  evaluate  the  next  frame  position  at  pcrint  F3.  If,  however,  the  method 
continues  to  evaluate  the  next  frame  position  P^,  the  mlculated  position  must 
be  the  key  frame  B.  Since  Incremental  Knot  Spacing  method  in  this  case  has 
divided  the  range  of  the  normalized  parameter  s (i.e.,  D S s < 1)  into  three 
subintervals  Asj,  dsj,  and  dS3,  the  knot  parameter  S4  as  obtained  by  adding 
AS3  to  $3  should  be  one.  In  light  of  the  fact  that  key  frame  B is  assumed  to  be 
mapped  from  s value  of  one,  the  knot  parameter  S4  should  become  one  to 
fulfill  the  assumption. 

Unfortunately,  the  sum  of  the  incremental  knot  values  and  thus  the 
value  of  the  knot  parameter  S4  generally  does  not  become  one.  Due  to  the 
accumulation  of  errors  between  adjacent  frames,  the  shouid-be'One  knot 
parameter  s^  may  exceed  or  fall  below  one.  The  errors  in  the  evaluabon  of  the 
distance  between  frames  come  from  the  errors  in  assigning  proper  knot 
parameter  5 values.  The  errors  in  parameter  space  are  propagated  and 
accumulated,  since  the  value  of  63  is  calculated  from  the  ds^  and  the  value  of 
S3  is  caictdafed  from  S3  and  AS3  and  so  on.  The  cumuJafive  errors  in  the 
parameter  space  are  represented  by  the  parameter  value  of  key  frame  B. 
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Figure  4-11  shows  the  case  when  the  parameter  s,  is  much  greater  than  one.  If 
one  maps  this  value  into  spatial  position  via  a spline  P(s),  the  corresponding 
position  is  far  away  from  the  desired  position  of  the  key  frame  B.  In  a strict 

interval  (0, 11,  but  a value  sdll  etdsts  since  it  is  a polynomial.  However,  we  do 

Averaging  Adjustment  redistributes  this  cumulative  error  into 
individual  inter-frame  distances  between  adjacent  frames.  That  is,  if  the 
shouid-be-one  parairteter  value  s,  exceeds  one,  the  preceding  parameter  Sj,  Sj , 
S3  will  be  reduced.  Similarly  the  parameters  will  be  scaled  up  if  the  parameter 
corresponding  to  the  key  frame  B falls  short  of  one.  In  doing  so,  we  scale  the 
incremental  knot  values  in  direct  proportion  with  their  magnitudes  so  the 
sum  of  adjusted  inoemental  knot  values  becomes  one. 


n is  the  number  of  inbetween  frames. 

Geometrically,  scaling  the  knot  parameters  this  way  will  shift  the  position  of 
the  key  frames  to  the  left  or  right  of  the  previous  frame  positions.  Figure  4-11 
is  an  example  of  when  the  frame  positions  ate  shifted  left,  reflecting  the 
reducdon  of  the  incremental  knot  value.  Note  that  the  correct  position  of  key 

that  key  frame  is  sdU  left  to  the  inbetweening  of  the  subseciuent  interval. 

It  is  by  this  adjustment  of  the  incremental  knot  values  such  that  they 
sum  up  to  one,  that  the  key  frames  are  properly  incorporated  as  part  of  an 
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animation  sequence.  Foe  example,  in  a sequence  of  three  key  frames,  each  key 
frame  can  be  seen  by  the  insertion  of  s value  of  zero  to  the  corresponding 
spline  expressions.  Nevertheless,  the  position  of  the  last  inbetween  frame  is 
apt  to  be  abnormal  without  Averaging  Adjustment.  In  Figure  4-11,  the  last 
inbetween  frame  position  Pj  expects  key  frame  B to  be  in  the  position  P4. 
according  to  a given  speed  proHle  at  that  point.  Even  if  one  can  incorporate 
key  frame  B into  the  animation  sequence  by  inserting  zero  s into  the  next 
interval,  the  resulting  distance  between  the  last  inbetween  frame  and  key 
frame  B is  far  from  the  expected  speed  as  examined  before.  By  relieving  and 

last  inbetween  frame  and  the  next  key  frame  is  smoothed  out. 

multiple  key  frames.  While  the  inbetweening  in  (BarS9l  treated  entire 
keyframe  sequences  as  a single  pair  of  key  frames,  starting  with  the  first  key 
frame  and  ending  with  the  last  key  frame,  our  approach  splits  the  entire 
keyframe  sequence  into  adjacent  pairs  of  key  frames  and  provides  proper 
transition  between  keyframe  intervals.  The  main  advantage  of  such  splitting 
is  that  each  pair  of  key  frames  can  be  filled  with  inbetween  frames  with 
independent  speed  control  without  affecting  the  speed  of  nearby  key  frames. 
Each  interval  between  a pair  of  key  frames  with  discretized  speed  values  is 
inbetweened  while  varying  the  normalized  knot  parameter  between  zero  and 
one,  and  the  burden  of  inbetweening  entire  key  frames  with  missed  key 
ftames  can  be  avoided.  These  points  will  be  explained  further  in  conjunction 

Although  Averaging  Adjustment  does  enable  smooth  transition  to  the 
foretell  the  sum  of  the  incremental  knot  values  a priori.  The  denominator  of 
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Equation  4.11  is  not  known  until  the  Incrementai  Knot  Spacing  method 
completes  evaluation  of  the  entire  series  of  Inbetween  posiHons.  Thetefore,  it 
is  necessary  to  let  the  Incremental  Knot  Spacing  run  in  the  first  pass  of  the 
program  and  the  Averaging  Adjustment  take  place  in  the  second  pass.  The 
next  seebon  will  show  how  to  implement  this  procedure  in  detail. 
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addition,  the  imerpolated  speed  values  al  key  frames  do  not  coincide  with  the 
specified  value  beuuse  of  the  approxlmadng  character  of  the  B-spIine. 
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Figure  4-5.  Relation  between  isj,  ALj,  and  dj.  Pj  and  are  positions  of  a pair 
of  key  frames  in  three-dimensional  space,  P|  and  P|^|  are  the  positions  of  two 
conMcutiye  intermediate  frames.  The  positions  were  determined  by  a spatial 
cubic  spline  interpolation  with  corresponding  knot  parameters  in  s domain. 
The  vector  dj  is  the  tangential  direction  at  itb  frame  positioned  at  Pj  on  the 
curve  P(s). 
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Figure  4-6.  A template  locaHon  of  the  key  frames.  K.F.  #i  denotes  the  position 
of  the  key  frame  #i  in  two-dimensional  space.  For  lUustrative  purpose,  the 
regions  between  K.F  «2  and  #3,  and  K.F  #3  and  #4  will  be  shown  in 
subsequent  examples. 
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Figure  4-8.  Approximation  of  the  total  arc  length  by  the  «um  of  incremer 
chord  length  iLj.  The  spline  P(s)  interpolates  key  frames  A and  B.  Key  fra 
A is  numbered  as  inbetween  frame  #1  (LF.  HI).  The  total  arc  length  from 
frame  A to  B can  be  apprcoumated  by  the  sum  of  ALj,  (i  = 1 ...  7). 
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distance  from  I F <12  to  I F.  US  was  determined  to  be  dLj  by  a speed  profiie 
curve-  The  tangential  magnitude  at  l.F.  #2,  dj  is  calculated  from  the 
differentiation  of  the  curve  P(s)  with  respect  to  s.  Based  on  these  constraints, 
As;  was  computed  using  Equation  4.9  and  added  to  $2  to  produce  S3.  However, 
the  frame  position  mapped  from  53  is  not  necessarily  located  at  l.F  #3  lying  on 
the  curve- 


k£y  frame  B 


into  key  frames  A and  B,  respectively.  The  positional  vectors  F2,  P3  represent 
the  position  of  inbetween  frames  HI  and  #3.  The  positional  vector  F,  the 
point  on  the  curve  F(s}  produced  by  the  incremental  knot  spacing  as  in  Figure 
4-9,  could  be  further  adjusted  to  be  located  near  point  P3  by  a Lookahead 
Adjustment. 


frame  posidona  resulting  from  Averaging  Adjuatments  Pj  are  produced  from 
the  corresponding  knot  parameter  values  s,  and  8|-  The  spiine  P(s) 
interpolates  the  motion  path  between  key  frames  A and  B.  Key  frame  A is 
treated  as  the  first  inbetween  frame  as  mapped  from  a knot  parameter  value 
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Pseudo  Code  Repres^ntalion 

Incremental  Knot  Spacing.  Lookahead  Adjustment,  and  Averaging 
Adjustment  together  make  up  our  approach  to  controlling  the  motion  speed 
in  animation.  Although  each  of  them  has  been  expressed  explicitly  using 
equations,  we  need  to  represent  the  methods  from  the  point  of  view  of 
programming  to  further  clarify  the  approach. 

It  can  be  said  that  Lookahead  Adjustment  fine  tunes  the  incremental 
knot  values  locally  while  Averaging  Adjustment  rearranges  the  incremental 
knot  values  in  a global  way-  At  a certain  position  of  an  inbetween  frame. 
Lookahead  Adjustment  prohibits  the  next  frame  position  from  exhibiting  too 
much  deviation  from  the  distance  specified  by  the  speed  profile  curve. 
Therefore,  it  applies  to  the  distance  between  two  adjacent  frames.  On  the 
other  hand.  Averaging  Adjustment  applies  to  the  positions  of  the  entire 
series  of  inbetweened  frames. 

Although  Averaging  Adjustment  must  be  run  in  the  second  pass  of  a 
program,  the  previous  knot  values  and  the  the  incremental  knot  values  can 
be  directly  restored  from  the  Tirst  pass  of  the  program.  Therefore,  most  of  the 
procedures  associated  with  the  first  pass,  such  as  the  evaluation  of  speed, 
chord  length  and  tangents,  can  be  avoided  to  speed  up  the  second  pass.  The 
following  Pascal-like  pseudo  code  is  made  up  of  four  parts:  input 
specification,  output  specification,  the  first  pass,  and  the  second  pass. 
Incremental  Knot  Spacing  and  Lookahead  Adjustment  are  incorporated  into 
the  first  pass.  In  particular,  the  Lookahead  Adjustment  shows  a possible 
iteration  to  further  reduce  speed  errors.  Lookahead  Adjustment  Is 


incorporated  into  the  s< 
By  The  Speed  Profile.  " 


pass  of  the  program  titled  as  "f 


Knots  Controlled 

Proeram  KnotsControlledByTheSoeedProfile: 

BEGIN 

Inpub 

PointUst  :=  spatial  position  of  four  sample  data  points. 

TypeSpline  :=  spline  type  to  detennine  shape. 

TypeSpeed  :=  a method  to  assign  a speed  ptoTile- 

It  can  be  a function  or  a SpeedUst  with  a spline  type  to 
Interpolate  the  speed. 

Numlterations  number  of  iterations  for  Lookahead  Adjustment. 

The  spatial  position  of  the  inbetweened  frames  including  the 
beginning  key  frames;  Splinel  I 

FOR  1=1  to  (NumFrames-1) 

DO  BEGIN 

/•  initialiM  the  s parameler  teilh  etjutl  knot  spacing  •/ 

END 

TotalChordLength  :=  SumChorddCnolLisl.TypeSpline) 
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TotaJSpeedQuantily  :=  SumSpeed  (SpeedUst.TypeSpeed.KnotUs 
/*  sum  mapped  from  knot  oalues  spanned  from  eonsUnt  ds, 
SumSi  :=  0 

/*  the  Biriable  to  be  passed  into  the  second  pass  is  inilulized  to 
FOR  i=l  TO  NumFrames 
DO  BEGIN 

/•  JnersmenUJ  Knol  Spacing  method  follows’/ 

Si  :*  KnotLisl(i] 

CurrenlLocation  :■  GetLocaKon(TypeSpline,PointList5i) 

/•  Find  the  frame  position  matching  Sj  '/ 

Derivadve  ;=  GetDerivattv«<Typ«SpUne,PointUst^) 

/*  Find  the  tangential  magnitude  \ d,  |al  current  position 
Speed  ;=  GetSpeedCTypeSpeed^peedUsO 
/’  EmIiuIc  the  discretized  speed  value  by  a function  or  dir 
assignment  '/ 

DeitaSi  :=  {TolalChordLength/Derivaave)  * 
(Speed/TotalSpeedQuanBty). 

/•  incremental  knot  spacing  is  determined  7 
FOR  j=0  TO  Numlleration 

specified  speed  profile  can  be  ilcraloi  7 
DO  BEGIN 

TriedSi  :=  Si+DeltaSi 

/•  Get  the  knot  value  of  the  next  frame  7 
TriedLocadon  ;=  CelLocation( 

TypeSpliTieJoinlLisl.TriedSD 
/*  Find  Lookahead  position  mapped  from  Sj+ds,-*/ 
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l«cation[Kfference  :=  AbsoluteValue 

(TriedLocation-CurrenlLocati 
/•  Epuluase  (he  error  in  (he  speei  •/ 

DeltaSi  :•  DeltaSi  * 

(DeltaSi’Specd)/(LocationDi/ference) 

/*  Loatihaiil  ailjuslmml  is  compleU  */ 


END 

SiUstfil  ;=  Si 

/*  Sum  fm  seccmd  pass  '/ 
DellaSiUstli]  DelUSi 
/*  S»oe  for  second  pass  */ 
SumSi  :=  SumSitSi 
/•  Sane  /jr  secomi  pass  •/ 
KnolUsl!i-rl|  s SitDellaSi 
/*  Ad/usl  nei(  inol  locaiion  •/ 


SumSi  ;=  SumSi 

/'  Recouered  ^ ds,-  /rom  /irsf  poss  •/ 

SplinetOI  :=  GetLocationaypeSplineJ’omlLisl^O) 
/•  ^'rs(  poini  of  the  frames  'I 
FOR  i=2  TO  NumFrame 
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» :=  SiU6l[il 

/'  Recovered  Sj  from  first  pass  •/ 

DeltaSi DdUSiUitli] 

/•  RWOTered  dsj  from  first  pass  ’/ 

DeltaSi  DdtaSi/SuinSi 
/•  Averaging  adjustment  ‘I 
Si  :=  Si+DeitaSi 
/•  Get  new  Si  V 

SplmeEi]  :=  GetLocation(TypeSpline^ointLi6t^i] 

/*  Locate  the  frame  positions  with  the  new  knot  values  */ 


END 


Error  Analysis  of  the  Algorithms 

This  section  iUustrates  visually  how  Incremental  Knot  Spacing  and  the 
subsequent  adjustments  enhance  the  control  of  inter-frame  distances.  The 
control  of  the  inter-frame  distance  can  equally  be  said  to  be  control  of  speed, 

facilitate  the  understanding  of  positional  variaUons  of  the  frames  under  our 
approach,  the  adjustments  are  tested  against  the  implementation  of  the 
constant  speed  between  adjacent  frames. 

All  the  figures  shown  in  this  section  are  based  on  the  two-dimensional 
template  data  positions  (i.e..  keyframe  positions)  In  Figure  4-6.  As  a result,  the 
frame  positions  appearing  in  the  subsequent  figures  denote  the  positions  in 
the  two-dimensional  Cartesian  coordinate  system.  Two-dimensional  data  is 
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lued  only  for  Ihe  purpose  of  convenience  for  illustiation,  and  Ihe  adjusonenl 
techniques  are  equally  applicable  in  the  three-dimensional  spatial  data.  The 

between  the  three  inner  data  points  of  Hgure  4-6.  Throughout  the  figures  in 
this  section,  the  gray  dots  represent  the  position  of  inbetween  frames  and  the 
black  dots  represent  those  inbetween  frames  that  aiso  beiong  to  key  frames. 
The  positional  vector  P,  represents  the  ideation  of  the  frames- 

made  between  the  performance  of  the  tensioned  cardinal  spline  and  the  free 
form  spline  discussed  in  Chapter  3.  The  purpose  of  Che  comparison  lies  in  the 
fact  that  the  speed,  and  thus  the  inter-frame  distance  is  determined  from  the 
representation  of  the  splines  interpolating  the  motion  path  rather  than  the 
shape  of  the  spline  curves.  The  same  curve  can  yield  a different  pattern  of  the 

Figure  4-12  and  Figure  4-13  illustrate  the  location  of  the  inbetween 
frames  produced  by  constant  knot  spacing.  Ten  inbetween  frames,  including 
the  first  key  frame  at  P,.  are  generated  to  fill  In  the  motion  path  from  the  key 
frame  to  Ihe  next  key  frame  at  P,,.  Similarly,  the  inbetween  frames  between 
the  key  frames  at  P,,  and  Pj,  were  generated  while  varying  Ihe  knot 
parameter  s from  zero  to  -9  with  constant  incremental  knot  spacing  As.  Both 
figures  illustrate  a highly-tensioned  motion  path  such  that  the  paths  are 
linear  between  adjacent  key  frames.  AJthough  the  same  constant  knot  spacing 
was  used  to  generate  the  inbetween  frames  in  the  two  identical  motion  paths, 
the  spatial  pattern  of  the  distribution  of  the  inbetween  frames  is  quite 
different.  The  tensioned  cardinal  spline  |Smi83]  in  Figure  4-12  shows  a 
relatively  dense  frame  distribution  near  the  key  frames  at  P,,  P„  and  Pj), 
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while  il  shows  sparse  distribution  near  the  center  of  the  adjacent  key  frames. 

compared  with  the  motion  near  the  center.  In  contrast,  the  free  form  spline  in 
Figure  4-13  exhibits  almost  uniform  distribution  near  the  key  frames.  The 
constant  knot  spacing  has  led  directly  to  a constant  spacing  between  the 
frames,  thereby  producing  constant  motion  speed. 

The  different  behaviors  can  be  verified  using  the  relation  between  the 
knot  parameter  s and  the  spatial  position  of  the  frames  F(s)  mathematically. 
The  tensioned  cubic  cardinal  spline  is  a modificadon  of  conventional  cardinal 
spline  and  is  expressed  as, 

P(S)  = Is3  s3  s 1]  T (P,  ?2  Pj  P4F 
with  the  tension  matrix 

-a  2-a  a-2  a ' 

2a  a-3  3-2a  -a 


a is  a tension  control  parameter, 

Pfs)  is  the  curve  interpolating  the  region  IP;,  Fsl 

so  that  P(s)  1 5 _ 5.  is  the  inbetween  frame  position  corresponding  to  (s  = Sj). 
The  tangent  vector  of  this  spline  is, 

^ - [3s2  2s  1 0]  T [P,  Pj  Pj  P,F. 

Let  us  focus  on  the  first  two  matrices  in  the  right  hand  side  of  the  above 
equation,  the  matrix  |3s2  2s  1 01  and  T.  Even  if  the  tension  parameter  a is  set 
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to  one  for  high  tension,  the  elements  in  the  first  row  of  tension  matrix  T do 
not  vanish.  Therefore,  the  term  s^  is  sdll  involved  in  the  expression  for  the 
derivative  of  the  curve  P(s)  upon  multiplication  of  the  first  two  matrices. 
That  is,  the  magnitude  of  the  tangent  on  some  point  on  the  curve  P(s) 
becomes  a second  order  function  of  s.  In  terms  of  the  distance  between  frames, 
the  inter-frame  distance  per  unit  s is  a second  order  polynomial  of  s. 

In  contrast,  taking  the  tangent  of  the  free  form  spline  (which  does  not 
necessarily  belong  to  the  g’  class),  one  obtains 


-gj-  - [Js2  2s  I 01 A (P,  p2  P3  P,|T 


u,  V are  the  midpoint  knot  parameters  corresponding  to  point 
P2  and  P3  respectively. 

Each  of  the  elements  of  first  two  rows  of  matrix  A becomes  close  to  zero  if  u 
equals  one  and  v approaches  zero.  The  third  row  of  matrix  A combines  with 
the  P matrix  to  produce  the  constant  tangent  vector  (Pj-P2)-  Therefore,  the 
tangent  vector  is. 
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Since  the  tangent  is  defined  as  the  displacement  in  PCs)  with  unit  s,  the 
displacement  between  the  positions  P(0)  and  PCD  Is  the  same  as  the 
magnitude  of  the  vector  (P3-P2)  if  PCs)  is  linear.  Since  the  magnitude  of  the 
tangent  is  constant  regardless  of  the  knot  value  s,  and  since  the  curve  is 
strictly  linear,  the  inter-frame  distance  is  always  uniform  with  the  highly- 
tensioned  free  form  splines.  Therefore,  it  can  be  said  that  the  spatial 
distribudon  pattern  of  the  frames  on  a interpolatory  curve  depends  on 
mathematical  representation  rather  than  the  shape  of  the  interpolatory  curve. 

However,  if  the  u.  v parameters  change  from  the  values  causing  the 
high  tension,  the  elements  in  first  two  rows  of  the  matrix  A will  be  certain 
values  other  than  zero.  Consequently  the  non-zero  rows  will  cause  the  s^ 
term  and  the  s term  to  be  part  of  the  expression  for  the  tangents.  The  same 
holds  true  for  the  tensioned  cardinal  spline.  Then  constant  knot  spacing  in 
the  knot  parameter  domain  no  longer  assures  constant  spacing  in  the  space 
domain.  It  may  produce  unwanted  acceleradon  and  deceleradon  due  to  the 
non-uniform  distribution  of  the  frames  on  the  motion  path,  thus 
necessitating  the  use  of  the  speed  control  techniques  developed  earlier. 

Figures  4-12  through  4-15  show  a gradual  enhancement  in  controlling 
the  motion  speed  when  a constant  inter-frame  distance  is  desired.  An 
ordinary  cardinal  spline  was  used  to  generate  the  modon  path  of  the  figures. 
Figure  4-14  shows  the  inbetweened  frame  positions  when  no  speed  control 
strategy  is  taken.  The  knol  parameter  s domain  is  simply  subdivided  into 
equal  knot  sparing  so  that  the  inbetween  frame  #I  <i.e.,  key  frame),  *3,  *3.  D4 
and  #S  are  mapped  from  Is  = 0,  s = A s = .4,  s ■ .6,  s = .8)  with  corresponding 
positional  vectors  P,,  Pj,  Pj,  P^  and  P5.  Nodce  that  the  inter-frame  distance 
varies  in  a non-uniform  marmer  as  a fimcdon  of  the  parameter  value  s since 
the  tangendal  magnitude  is  a second-order  polynomial  of  the  parameter  s- 
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The  positional  vectors  through  Fjq  are  generated  similarly  and  are  shown 
here  against  the  posltionaj  symmetry  with  respect  to  the  frames  Pj  through 
F5.  They  will  not  be  coveted  in  the  tables  following  the  figures  since  the 
properties  in  the  interval  (Ps-Pu!  match  exactly  with  those  of  the  interval 
(Pl-Ps). 

Table  4-1  shows  relevant  measures  of  the  inbetweening  in  Figure  4-14 
as  follows; 

1.  The  column  labeled  "Frame  Number"  indicates  the  sequential 

2.  The  column  labeled  'Tangential  Magnitude"  indicates  the 

tangential  magnitude  | d,  | at  a given  frame  position  as  defined  in 
Equation  4.5.  The  numbers  are  represented  relative  to  the  distance 
from  P,  to  P;  which  is  set  at  297. 

3.  The  column  labeled  "Inc.  Knot  Value"  indicates  the  incremental 
knot  value,  iS|,  used  to  generate  the  next  inbetween  frame  position. 

4.  The  column  labeled  "Measured  Distance"  indicates  the  real  inter- 

preceding  figures  using  Equation  4.3. 

As  can  be  seen  in  the  "Tangential  Magnitude"  column,  the  speed  per  unit 
knot  value  (s  = 1)  is  increasing  from  P,  toward  the  center  of  P,  and  P,  and 
from  then  on  decreases  until  the  position  P3.  The  "Measured  Distance" 
column,  representing  the  measured  inter-frame  distance  in  Figure  4-14, 
roughly  reflects  the  trend  in  the  tangential  magnitude,  since  the  incremental 

produces  non-uniform  spatial  distance  between  frames  with  a mean  of  61  and 
standard  deviation  of  IS.  where  the  distance  is  measured  relative  to  the 
length  between  P,  and  Pj,  which  is  set  to  297.  If  corresponding  inbetween 
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frames  are  displayed  sequentially,  the  speed  picks  up  toward  the  middle  of  the 
interval  [Pj,?*]  and  slows  down  toward  the  keyframe  position  Pj.  Although 
the  figure  shows  symmetrical  speed  centered  near  the  middle  of  Pj  and  P4  , 
there  is  no  regular  pattern  to  the  acceleration  and  deceleration  of  the  speed  in 
general,  as  can  be  deduced  from  Equation  4.5.  Depending  upon  the 
interpolation  method  and  the  location  of  the  key  frames,  the  tangential 
magnitude  varies  unpredictably  and  no  general  rule  exists  governing  the 
behavior  of  the  tangential  magnitude  that  could  facilitate  control  of  the 

Figure  4-15  shows  the  Inbetween  frame  positions  upon  application  of 
Incremental  Knot  Spacing  method.  The  total  arc  length  L used  in  Equation  4.9 
Is  assumed  to  be  the  same  as  in  the  ordinary  cardinal  spline,  so  that  the  mean 
value  of  the  Measured  Distance  column  of  Table  4-1  is  the  inter-frame 
distance  desired  in  this  case.  A mote  accurate  value  of  the  arc  length  can  be 
estimated  by  subdividing  the  arc  with  more  line  segments.  However,  the  arc 
length  thus  computed  does  not  necessarily  coincide  with  the  sum  of  the  inter- 
frame distances,  especially  when  fewer  Inbetween  frames  are  required,  and  it 
is  reasonable  to  crudely  estimale  the  total  arc  length  as  the  sum  of  the  inler- 
frame  distances  with  a given  number  of  inbetween  frames  using  the  constant 
incremental  knot  value.  The  same  number  of  inbetween  frames  as  in  Figure 
4-14  are  generated,  bul  ihe  method  diversifies  the  Inoemenlal  knot  values 
rather  than  using  constant  incremenlal  values  to  produce  uniform  inter- 
frame  spacing.  The  speed  is  controlled  by  matupulabng  the  incremental  knot 
value  dS|  and  thus  the  knot  value  Sj,.^,  as  obtained  from  (6(»dS|), 
corresponding  to  the  (i+l)Sll  frame.  In  Table  4-2,  two  new  columns  are 
defined  as  follows: 


1.  The  column . 


"Calculated  Dis 
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inler-frame  distance  ALj,  incorporating  the  speed  profile  using 
Equation  4.6  and  4.9. 

The  numbers  are  shown  relative  to  the  distance  from  P]  to  P^, 
which  is  set  to  297. 

2.  The  column  labeled  'Distance  Error"  indicates  the  error  between  the 
desired  inter-frame  distance  and  the  resulting  real  inter-frame 

To  maintain  a constant  distance  between  frames,  the  elements  of  the  column 
"Calculated  Distance"  are  all  set  to  a constant  value  61.  This  setting  is  possible 
by  adjusting  the  incremental  knot  values  in  association  with  the 
corresponding  tangential  magnitudes,  since  the  calculated  distance  is  the 
multiplication  of  the  two  columns.  For  instance,  because  of  the  small 
tangential  magnitude  at  the  first  frame  position  P,,  incremental  knot  value  is 
impelled  to  be  relatively  large  at  the  position.  Despite  the  adjustment,  one  can 
notice  the  relatively  large  displacement  of  P2  from  F,  compared  with  other 
inter-frame  distances,  as  tabulated  in  the  Measured  Distance  column 
corresponding  to  position  P,.  This  happens  because  the  interval  IP^Pjl 
represented  by  a single  constant  tangential  magnitude,  although  the  actual 
tangential  magnitude  was  increasing  in  that  interval.  As  a result,  the 
inaeased  actual  tangential  magnitude  was  combined  with  the  relatively  large 
incremental  knot  value  to  yield  a large  distance  gap.  In  particular,  the  change 
of  the  tangential  magnitude  (i.e.,  the  second  derivative  of  the  interpolation 
curve  P(s))  is  very  rapid  near  the  frame  position  Pj  as  can  be  seen  in  the 
Tangential  Magnitude  column  of  Table  4-2.  Incremental  Knot  Spacing  could 
ru)t  catch  up  with  the  rapid  change  in  tangential  magnitude  with  so  few 
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The  sum  of  the  incremental  knot  values  for  the  situation  at  hand 
exceeds  one.  the  maximum  value  of  the  normalized  knot  parameter.  This 
happens  because  the  frame  interval  fPi.Pjl  consumes  too  much  of  the  total 
knot  parameter  space.  Because  of  the  large  incremental  knot  value  dS],  the 
subsequent  knot  values  Sj  through  S5  tend  to  be  pulled  toward  the  key 
position  Pg.  In  parallel  with  the  knot  values,  the  frame  positions  are  also 
drawn  toward  the  key  position.  One  consequence  of  the  overestimation  in 
4S]  is  that  it  propagates  to  the  position  Pj  where  it  tries  to  locate  the  next 
frame  Pj  to  a position  further  away  from  the  real  frame  position  Pj,  since  the 

frame  distance  between  Fj  and  P^  the  incremental  knot  value  at  P5  should  be 

one.  In  practice,  the  position  of  Pg  is  not  evaluated  as  part  of  the  inbetween 
frame  in  the  interval  IPi.Fjl.  Since  it  is  the  Initial  key  frame  of  the  interval 
(P^Plll,  it  is  evaluated  with  knot  parameter  (s  = 0)  in  thal  interval  and  the 
position  cannot  be  changed.  Consequently,  the  inbetweened  position  P5 
comes  near  to  the  position  which  belongs  to  the  key  frames  and  the 
motion  speed  gels  slowed  down  relative  to  the  previous  motion. 

Comparing  inlervals  (Pj.P^)  and  IF^Jul,  the  symmetry  of  the  frame 
positions  with  respect  to  position  Pj  is  not  maintained.  For  the  same  reason 
that  Pj.  the  position  of  the  frame  #2,  is  overly  displaced  from  frame  #1,  frame 
#7  shows  a large  displacement  from  frame  #6.  Inaemental  Knot  Spacing  is 
dependent  upon  the  path  it  takes  to  produce  the  knot  values.  For  instance,  in 
the  interval  IPs.Pnl,  if  the  knot  values  are  evaluated  starling  from  the 
keyframe  position  F,,  up  to  frame  Pj,  frame  #10  will  show  a large 
displacement  from  frame  #11  and  the  frames  generated  in  both  intervals  will 
exhibit  exact  5 


symmetry. 
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Figure  4-16  illustrates  the  frame  positions  appearing  after  Lookahead 
Adjustment  is  applied  to  incremental  Knot  Spacing  in  Figure  4-14.  Notice 
that  the  incremental  knot  value  of  the  first  frame  has  been  reduced  as  a result 
of  Lookahead  Adjustment.  Since  the  position  of  the  second  frame  with 
Incremenul  Knot  Spacing  was  overly  displaced  from  the  first  frame. 
Lookahead  Adjustment  did  look  ahead  to  the  second  frame  position  and 
readjusted  the  incremental  knot  values.  The  reduction  led  to  a decrease  of  the 
Calculated  Kstance  and  thus  the  reduction  of  the  Measured  Distance.  Note, 
however,  this  produced  a slightly  smaller  distance  between  the  first  two 
frames  than  the  expected  mean  distance  61.  As  a result  of  this 
underestimation,  the  sum  of  the  incremental  knot  spacing  falls  below  one,  as 
evidenced  by  the  long  distance  between  frame  #5  and  #6.  The 
underestimation  can  be  corrected  upon  iterative  application  of  Lookahead 
Adjustment  as  suggested  in  the  section  on  Pseudocode  Representation. 
Overall,  the  sum  of  the  absolute  distance  error  is  reduced  and  the  standard 
deviation  from  the  mean  value  is  greatly  reduced;  the  inter-frame  distance  is 
close  to  constant  compared  with  Incremental  Knot  Spacing.  That  is,  the 
application  of  Lookahead  Adjustment  further  aids  in  controlling  the  motion 

Although  Lookahead  Adjustment  further  facilitates  the  control  of  the 
motion  speed,  there  should  be  a way  to  let  the  sum  of  incremental  knot 
values  be  one  to  ensure  proper  distance  between  the  last  inbetweened  frame 
in  the  first  interval  and  the  first  frame  in  the  next  interval  as  described  before. 
Figure  4-17  and  Table  4-4  show  the  result  of  Averaging  Adjustment  applied  to 
Lookahead  Adjustment  in  Figure  4-16.  The  unduly  elongated  inter-frame 
distance  between  and  P^  in  Figure  4-16  has  now  been  redisbibuted  through 
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corresponds  to  pulling  all  of  Ihe  frame  positions  in  [Pi.Pjl  toward  frame  #6  at 
Pg.  In  parallel  with  the  distance  adjustment,  the  incremental  knot  values  are 
redistributed  while  assuring  that  they  sum  to  one.  By  redistributing  the 
distance  errors  over  the  entire  interval,  the  transition  from  the  last 
inbetweened  frame  Oe.,  frame  #5  at  P5  in  this  case)  to  the  first  inbetweened 
frame  {i.e.,  frame  #6  at  Pj)  becomes  smoother  than  is  the  case  with  no 
Averaging  Adjustment.  The  smoothness  near  the  key  frames  (frames  #1,  #6, 
#11  at  posibons  Pj,  Pj,  P,,.  in  this  case)  is  important  since  in  our  approach, 
the  motion  speeds  in  each  pair  of  key  frames  are  separately  controlled  and  the 
frames  are  concatenated  to  produce  frame  positions  spanning  muldple  key 

Figures  4-18  illustrates  an  example  in  which  the  speed  is  controlled  to 
vary  between  frames.  The  same  motion  path  as  in  Figure  4-17  is  used  to 
produce  a total  of  16  frames  in  Figure  4-18.  Three  discrete  speed  values,  8, 1,  8 
are  assigned  for  the  key  frames  al  P,,  P,  and  P35  respectively.  One  can  specify 
4,  .5,  4 for  the  same  speed  values  however,  since  only  the  relative  values  of 
the  speed  counl.  The  inter-frame  distance  at  the  frame  at  P9  is  supposed  to  be 
eight  times  shorter  than  the  one  near  the  frames  al  P,  and  Pjj.  To  produce  a 
gradual  speed  change,  the  inbetween  frames  are  set  to  take  the  speed  values 
calculated  by  linear  interpolation,  such  that  the  speed  at  the  iUl  inbetween 
frame  in  the  interval  |P,,p9l  is  given  by 


$1  = (speed  of  the  starting  key  I 


(speed  of  the 


nding  key  frame)  ^1 


(i-l> 

mber  of  frames  * 
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the  frame  number  i is  an  integer  ranging  from  1 to  8. 

It  is  important  to  note  that  the  temporal  aspect  is  completely  separated  from 
the  spatial  aspect  in  our  approach.  The  speed  profile  can  be  independently 
generated  from  the  motion  path.  For  Instance,  the  motion  speed  is  controlled 
by  a linear  interpolation  method  while  the  motion  path  is  produced  by  the 
cardinal  spline.  Incremental  Knot  Spacing  followed  by  Lookahead 
Adjustment  and  Averaging  Adjustment  were  used  to  generate  Figure  4-18,  in 
which  the  motion  shows  an  explicit  slowdown  near  the  key  frame  positioned 
at  while  it  speeds  up  near  the  key  frames  positioned  at  Pj  and  A 
measure  of  error,  the  difference  between  the  Calculated  Distance  and  the 
Measured  Distance,  sums  to  34  as  can  be  seen  in  Table  4-5.  Most  of  the  errors 
are  distance  errors  near  frame  81  positioned  at  Fj  and  this  can  be  verified  by 
comparing  the  speed  profile  curve  and  the  measured  speed  in  Figure  4-19.  In 
the  figure,  the  speed  profile  curve  becomes  linear  with  respect  to  the  frame 
sequence  number  because  of  the  linear  speed  interpolation  scheme  given 
above.  However,  the  measured  speed  shows  some  deviation  from  the  speed 

tangential  magnitude  Is  underestimated  near  the  first  frame,  causing  large 
incremental  knot  values. 

Figure  4-20  shows  the  relationship  between  the  frame  sequence 
number  and  the  knot  values  in  Figure  4-19.  As  was  mentioned  previously,  in 
our  control  scheme,  the  motion  speed  is  controlled  by  adjusting  the  knot 
parameter  value  s corresponding  to  the  sequential  frame  number.  Roughly 
speaking,  the  inter-frame  distance  is  propordonal  to  Che  magnitude  of  the 
incremental  knot  spacirtg.  In  view  of  the  fact  that  the  slope  at  a certain  frame 
in  Figure  4-20  can  represent  the  incremental  knot  spacing,  the  slope  near 
frame  83  is  small  compared  with  that  of  frame  81.  Therefore,  the  deceleration 
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of  speed  in  Figure  4-18  is  driven  by  the  deaease  in  the  incrememal  knot 
spacing  in  Figure  4-20. 

Figures  4-21  and  4-22  illustrate  the  position  of  inbetween  frames  and 
the  measured  speed  values  when  the  number  of  inbetween  frames  is  double 
that  of  Figure  4-18.  The  same  motion  path  and  method  for  the  motion  speed 
control  was  used  in  both  Hgures.  As  can  be  seen,  the  inter-frame  distance 
errors  including  the  frames  near  the  hrst  frame  tend  to  be  smaller  and  thus 
the  measured  speed  tends  to  approach  the  speed  profile  curve.  Another 
measure  of  error,  the  sum  of  absolute  distance  errors,  is  much  reduced 
compared  with  Table  4-5.  In  fact,  the  error  approaches  zero  as  the  number  of 
inbetween  frames  increases. 

Figures  4-24  through  4-27  illustrate  how  rapidly  the  errors  can  be 
reduced  in  our  motion  control  method  by  increasing  frame  numbers  with 
different  motion  paths  shown  in  Figure  4-23.  The  results  in  the  hgures  are 
based  on  a speed  profile  with  a constant  speed,  and  therefore  constant  inter- 
frame distance-  To  compare  the  behavior  of  our  speed  control  scheme  in  the 
longer  interval  |P2,P3)  and  Ihe  shorter  interval  |Pj,P4),  Figure  4-23  is  made  to 
be  unsymmetrical.  As  a measure  of  error,  the  sum  of  the  inaemental  knot 
values  is  used  in  Figure  4-24  artd  4-25-  If  Averaging  Adjustment  is  employed, 
the  sum  is  identically  zero.  However,  the  sum  can  be  used  to  estimate  how 
accurately  Incremental  Knot  Spacing  and  Lookahead  Adjustment  can 
approximale  the  given  constant  speed  profile.  As  long  as  it  approaches  one, 
the  individual  knot  spacing  and  corresponding  inter-frame  distance  can  be 
said  to  be  estimated  properly.  As  another  measure  of  error,  the  sum  of  the 
Distance  Error  is  used  in  Figures  4-28  through  4-27.  Part  of  the  reason  why  it  is 
used  instead  of  the  sum  of  the  absolute  Distance  Error  is  that  it  can  be  a 
criterion  of  whether  the  total  Calculated  Distance  exceeds  the  Measured 
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Distance  by  including  the  sign.  This  error  should  approach  zero  as  the 
number  oi  inbetween  frames  increases,  so  that  the  Calculated  Distance  can 
properly  approdmate  the  Measured  Distance. 

Depending  upon  the  interpolation  scheme  of  the  motion  path,  the 
performance  of  our  speed  control  method  varies  if  a relatively  small  number 
of  inbetween  frames  are  incorporated.  The  variation  occurs  since  each 
interpolation  scheme  has  a different  mathematical  representation  of  the 
motion  path  and  the  difference  leads  to  variabon  in  the  tangential  magnitude 
exploited  in  our  speed  control  method.  Figures  4-24  and  4-25  illustrate  the 
sum  of  incremental  knot  values  in  the  intervals  IP2,F3l  and  IP3.P4I, 
respectively.  The  values  are  taken  when  Incremental  Knot  Spacing  followed 
by  Lookahead  Adjustment  are  applied  to  three  different  interpolating 
schemes  for  the  motion  path.  At  a small  number  of  inbetween  frames,  the 
sum  of  the  incrememal  knot  values  of  the  Type  n free  form  spline  exceeds 
one,  while  that  of  the  cardinal  spline  and  the  S-spline  falls  below  one.  The 
cardinal  spline  falls  further  away  from  zero  than  the  B-spline.  This  means 
that  the  Type  II  free  form  spline  and  the  cardinal  spline  have  a greater 
ciirvature  in  this  region,  causing  the  tangential  magnitude  to  vary  rapidly 
enough  for  a fixed  tangent  to  fail  to  properly  represent  the  entire  range  of 
tangential  changes  happening  between  a pair  of  inbetweened  frames.  Note 
that  the  tangential  magnitude  cannot  be  determined  directly  from  the 
appearance  of  the  curve  shape  in  Figure  4-23.  It  can  be  evaluated  only  by 
mathematical  representation,  as  mentioned  earlier.  In  the  interval  (P3.P4], 
however,  only  the  sum  of  the  incremental  knot  values  of  the  Type  U free 
form  spline  exhibits  convergence  to  one  before  the  number  of  inbetween 

rapid  convergence  complies  with  the  general  behavior  of  the  C’  free  form 
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splines  explained  in  Chapter  3-  G’  free  form  spline  has  relatively  constant 
curvature  in  the  narrower  interval  so  that  a fixed  tangent  can  be  effectively 
used  to  estimate  the  tangential  magnitude  in  each  subinterval  made  up  of  the 
motion  path  between  a pair  of  key  frames.  Overall,  the  sum  of  the 
incremental  knot  values  shows  rapid  convergence  to  one  with  relatively  few 
inbetween  frames. 

The  distance  errors  in  Figures  4-26  and  4-27  are  the  relative  magiutudes 
of  the  distance  when  the  distance  betvreen  the  keyframe  positions  Pj  and  Pj  is 


set  to  one.  Incremental  Knot  Spacing,  Lookahead  Adjustment  and  Averaging 
Adjustment  were  used  to  generate  the  inbetween  frames  leading  to  the 
figures.  As  the  number  of  inbetween  frames  increases,  the  distance  errors 
approach  zero  so  that  the  calculated  distance  makes  little  difference  to  the 
measured  distance.  In  Figure  4-26,  the  sum  of  distance  errors  of  Type  II  free 
form  spline  is  to  the  negative  side,  while  others  are  positive  with  a low 
number  of  inbetween  frames.  This  means  that  the  calculated  distance  is 
smaller  than  the  measured  distance. 

It  is  interesting  to  compare  the  behavior  of  the  curves  with  respect  to 
the  sum  of  the  incremental  knot  values  with  that  of  the  curves  with  respect 
to  the  stun  of  distance  errors.  For  instance,  if  the  sum  of  the  inaemental  knot 
spadng  of  Type  II  free  form  spline  in  Figure  4-24  is  greater  than  one,  it  is  less 
than  zero  in  Figure  4-26.  Other  curve  schemes  exhibit  similar  behavior.  The 
same  is  true  for  the  Figures  4-25  and  4-27.  As  the  sum  of  the  incremental  knot 
spacing  becomes  greater  than  one,  the  sum  of  distance  errors  tends  to  be  less 
than  zero.  The  principal  reason  for  such  behavior  is  that  Averaging 
Adjustment  counteracts  the  error  in  the  sum  of  the  Inaemental  knot  values. 
If  the  sum  of  the  incremental  errors  is  large.  Averaging  Adjustment  makes 
the  sum  into  one  by  reducing  the  calculated  distances  to  the  point  where  the 


the  calculated  dis 
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sum  of  the  calculated  distance  is  less  than  the  sum  of  the  measured  distance. 
This  is  true  in  the  case  of  a small  number  of  the  inbetween  frames.  However, 
as  the  number  of  frames  increases,  the  counteracting  property  of  Averaging 
Adjustment  is  small  enough  to  be  ignored  and  the  distance  errors  approach 
zero.  In  conclusion.  Incremental  Knot  Spacing  combined  with  Lookahead 
Adjustment  and  Averaging  Adjustment  proves  fairly  effective  in  terms  of 
the  associated  errors  as  the  number  of  Inbetween  frames  inaeases. 

This  chapter  has  been  devoted  to  the  control  of  motion  speed  In 
animaHon.  In  connection  with  our  animation  system,  we  developed  a 
method  to  control  the  motion  speed  of  a single  atom  so  that  the  displayed 
frame  sequences  do  not  exhibit  unnecessary  acceleradon,  or  even  random 
motion  dynamics.  Clues  involved  in  the  protein  folding  can  be  visualized 
with  ease  if  the  motion  is  controlled  such  that  a smooth  transition  between 
frames  is  assured.  In  this  chapter,  we  have  presented  a flexible  speed  control 
scheme  for  that  purpose. 

The  basic  building  block  of  our  method  is  Incremental  Knot  Spacing, 
which  dynamically  adjusts  the  parameter  values  of  adjacent  inbetween 
frames,  depending  upon  various  parameters.  Lookahead  Adjustment  is 
employed  to  avoid  relatively  Urge  errors  in  the  inaemental  knot  values. 
Averagiitg  Adjustment  was  introduced  to  secure  a controlled  translKon  from 
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inbetween  frames  produced  by  evaluating  the  cardinal  spline  at 
corresponding  knot  values  (s  = 0)  through  (s  ° .9). 
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Fram 

Numb 

e Tangential 
er  Maenltude 

Inc.  Knot 
Value 

Measured 

Distance 

1 

160 

.200 

41 

2 

288 

200 

70 

3 

394 

.200 

81 

4 

394 

.200 

70 

5 

288 

200 

41 

Table  4-1.  Inter-frame  distances  of  Figure  4-14: 
Sum  of  incremental  knot  value  = l.OOD, 
Standard  deviation  of  measured  distance  - 18.4. 
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Spicing. 


Sum  of  inCTememal  knot  value  = 1.110,  Sum  of  absolute  distance  error  = 90, 
Standard  deviation  of  measured  distance  = 274. 


Table  4-3.  Error  analysis  ol  Hgure  4-16; 
Sum  o(  incremental  knot  value  s:  .917, 

Standard  deviadon  of  measured  distance 


= 7.5. 
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Frame  Tangential 

Number  Maenitude 

Inc.  Knot 

Calculated 

Distance 

Measured 

Distance 

Distance 

Error 

1 160 

.249 

« 

56 

-16 

2 323 

-183 

59 

68 

-9 

3 401 

-16S 

66 

67 

-1 

4 395 

.173 

68 

62 

-6 

S 310 

.229 

71 

50 

21 

Table  4-4.  Error  analysis  of  Figure  4-17; 

Sum  of  incremental  knot  value  = 1.000, 

Sum  of  absolute  distance  error  = S3, 

Standard  deviation  of  measured  distance  = lf>. 
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(P,J^and[P^P,7]. 


Table  4-5.  Error  analysis  of  Figure  4-18:  Suro  of  absolute  distant 


= 34. 
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Iguie  4-19.  Comparison  oi  the  speed  profile  curve  with  measured  spee< 
which  is  the  speed  profile  curve  reconstructed  from  the  generated  inbetween 
frames  in  Figure  4-18. 
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Figure  4-23.  Different  interpoladon  methods  for  the  motion  path  generation. 
Portion  of  key  frames  are  represented  by  Pj.  Figures  4-24  through  4-27  are 
based  on  the  inbetween  frames  generated  by  these  interpolation  methods.  The 
gray  dots  represent  the  position  of  the  key  frames  used  as  end  points  for  the 
int«polatory  curves  in  the  intervals  [P2.P3)  and  IPj-Pa). 
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CHAPTERS 

APPLICATION:  SCRIPTS  FOR  PROTEIN  FOLDING 
InlroductiQn 

This  chapter  describes  an  animation  system  as  an  application  of  the 
preceding  chapters.  More  spedEcally,  a prototype  system  is  designed  for  the 
simulation  of  the  protein  folding.  The  free  form  splines  developed  in  Chapter 
3 form  the  basic  building  blocks  of  the  animation  system;  Hrst,  it  is  used  for 
producing  a curve  representing  the  backbone  conformation,  and  second,  it  is 
used  for  the  generation  of  a motion  path  of  individual  backbone  atoms.  The 
speed  control  techniques  developed  in  Chapter  4 are  used  to  generate  a 

techniques  discussed  in  Chapter  4 are  introduced,  for  the  first  time  in  the  field 
of  molecular  graphics,  in  the  context  of  the  backbone  animation. 

To  facilitate  explanation,  a general  background  of  protein  folding  in 
biochemistry  is  presented.  Terms  appearing  in  subsequent  sections  will  be 
defined  briefly  in  this  section.  Following  a surrunary  of  previous  work  in  the 
area  of  molecular  graphics,  the  problems  associated  with  current  molecular 
animation  systems  will  be  addressed.  Based  on  observation  of  these  problems, 
fundamental  concepts  which  differentiate  our  prototype  system  from  other 
conventional  approaches  are  explained.  Subsequently,  design  topics  involved 
in  the  implementation  of  the  prototype  system  are  depicted.  Finally,  some  of 
the  frames  produced  from  our  prototype  system  are  illustrated  as 
experimental  results. 
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Protein  Geometry 

Biochemistry  is  the  study  of  the  molecular  basis  of  life.  For  instance, 
the  discovery  of  the  double-helical  structure  of  deoxyribonudac  acid  (DNA), 
the  elucidation  of  the  flow  of  information  from  gene  to  protein,  the 
unraveling  of  the  energy-conversion  mechanisms,  the  determination  of  the 
three-dimensional  structure  and  mechanisms  of  action  of  many  protein 
molecules,  are  some  of  the  outstanding  achievements  of  biochemistry. 

In  virtually  all  biological  processes,  proteins  play  crucial  roles  in 
ertzymatic  catalysis,  transport  and  storage  of  ions  and  small  molecules, 
coordinated  motion  in  a muscle,  mechanical  support  of  skin  and  bone, 
immune  protection,  generation  and  transmission  of  nerve  impulses  and 
control  of  growth  and  differendatian. 

Amino  adds  are  the  basic  structural  units  of  proteins.  An  a-amino  acid 
consists  of  an  amino  group,  a carboxyl  group,  a hydrogen  atom  and  a 
distinctive  R group  bonded  to  an  a-carbon  atom.  An  R group  is  called  a side 
chain  and  various  amino  adds  result  from  the  variation  of  its  component 
atoms.  In  proteins,  the  a-carboxyl  group  of  one  amino  acid  is  joined  to  the  a- 
amino  group  of  another  amino  add  by  a peptide  bond.  Figure  S-1  illustrates 
the  formation  of  a peptide  bond.  Residues  1 and  2 can  be  repeated  to  form  a 
polypeptide  chain.  An  amino  add  unit  in  a polypeptide  is  called  a residue.  By 
convention,  the  amino  group  end,  the  N terminus,  is  taken  to  be  the 
beginning  of  a polypepdde  chain.  A polypeptide  chain  consists  of  a regularly 
repeating  part,  called  the  main  chain  (repetition  of  nitrogen,  alpha  carbon, 
carbonyl  carbon),  and  a variable  part,  comprising  the  side  chain  or  chains.  The 
main  chain  is  sometimes  termed  the  backbone. 
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A remarkable  characteristic  of  proteins  is  that  they  have  well-derined 
three-dimensional  structures,  the  rigid  and  planar  peptide  utdt  Figure  5-2 
shows  a pair  of  peptide  planes.  The  hydrogen  of  the  substituted  amino  group 
is  almost  always  opposite  the  oxygen  of  the  carbonyl  group.  No  freedom  of 
rotation  about  the  bond  between  the  (carbonyl)  carbon  and  the  nitrogen  atom 
of  the  peptide  unit  exists,  since  this  peptide  linkage  has  a partial  double-bond 
character.  In  contrast,  the  link  between  the  alpha  carbon  atom  and  the 
carbonyl  carbon  atom  is  a pure  single  bond,  and  the  bond  between  the  alpha 
carbon  atom  and  the  peptide  nitrogen  atom  is  also  a pure  single  bond. 
Therefore,  there  is  a large  degree  of  rotational  freedom  about  these  bonds  on 
either  side  of  the  polypeptide  unit.  There  is,  relative  to  the  peptide  bond,  free 
rotation  about  the  bond  between  the  alpha  carbon  and  nitrogen  atoms.  The 
same  is  true  for  the  alpha  carbon  to  carbonyl  carbon  bond.  The  rotational 
angles  about  these  bonds  are  designated  phi  and  psi,  respectively.  The 
conformation  of  the  main  chain  of  the  polypeptide  is  determined  when  the 
phi  and  psi  angles  for  each  amino  add  are  defined. 

As  a result  of  this  freedom,  some  three-dimensional  patterns  in 
protein  structure  can  be  found.  Alternately  these  pattents  are  called  secondary 
siruciures  as  a conceptualization  of  a sequence  of  residues.  The  alphi  helix  is 
a rodlike  structiue.  As  shown  in  Figure  5-3,  the  inner  part  of  the  rod  is  made 
up  of  tightly  coiled  polypeptide  backbones,  while  the  side  chains  extend 
outward.  What  stabilizes  this  structure  is  the  hydrogen  bond.  The  alpha  helix 
is  stabilized  by  hydrogen  bond  between  the  NH  and  the  CO  groups  of  the 
backbone.  The  CO  group  of  each  amino  add  is  hydrogen  bonded  to  the  NH 
group  of  the  amino  acid  chat  is 
sequence. 


located  four  residues  ahead  ir 
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The  p (pleated)  slieet  differs  markedly  from  the  a helix  in  that  it  is  a 
sheet  rather  than  a rod.  Figure  5-4  illustrates  a p sheet  structure.  A 
polypeptide  chain  in  the  0 sheet  is  fully  extended,  rather  than  being  tightly 
coiled  as  in  the  a heilx-  Some  other  secondary  structures  lGh482,  RicSl)  such 
as  p-turns,  which  are  required  for  the  directional  change  of  the  p-strand 
shown  in  Figure  5-4  , or  coils,  which  form  a short  directional  change  from  the 
a-helix  to  other  structures,  can  also  be  found  in  nature.  G.  N.  Ramachandran 
and  V.  Sasisekharan  at  the  University  of  Madras,  India,  showed  that 
unfavorable  interactions  between  beta-carbon  atoms  of  amino  add  side  chains 
with  atoms  of  the  potypeptide  backbone  make  only  three  repeated 
conformations  favorable,  the  right-handed  alpha  helix,  beta  strands  and  the 
left-handed  triple  collagen  helix.  Alternations  produce  turns,  loops  and 

Protein  engineers  aiso  define  the  tertiary  structure  [StrSl)  of  molecules 
using  the  secondary  structure  as  a basic  building  block.  They  expand  the 
secondary  structure  into  a pattern  called  the  domain  (RicSll,  where  alpha 
helices  and  beta  sheets  form  various  shapes  such  as  barrels  by  parallel  and 
anti-parallel  combinations.  In  this  respect,  the  recognition  of  backbone  shape 
is  essential  for  the  recognition  of  a higher  level  structure. 

In  an  alpha  helix,  each  residue  is  rotated  100  degrees  relative  to  the 
previous  one,  and  is  translated  along  the  axis  by  about  1.5  angstroms  (each 
turn  containing  3.6  residues).  Every  carbonyl  oxygen  points  upward  and 
receives  a hydrogen  bond  from  a downward-pointing  amide  nitrogen  of  the 
fourth  residue  away  from  it.  In  a beta  pleated  sheet,  the  polypeptide  backbone 
is  relatively  extended  and  each  residue  is  rotated  ISO  degrees  with  respect  to 
the  previous  residue.  The  strands  pack  side  by  side,  forming  sheets  in  which 
each  amide  nitrogen  donates  a hydrogen  back  to  a carbonyl  oxygen  in  the 


adjacent  strand  and  each  carbonyl  oxygen  receives  such  a bond.  Acceptable  phi 
and  psi  bond  angles  which  correspond  to  these  conformations  can  be 
determined  by  consulting  a Ramachandran  plot. 

Polypeptide  chains  interact  with  their  environments  to  fold  up  into 
discrete,  highiy  organized  and  tightly  packed  three-dimensional  structures. 
Diverse  overall  shapes  confer  on  proteins  their  powers  of  recognition  and 
selectivity,  catalysis,  and  specificity  as  structure-forming  elements. 
Determining  the  conformation  of  proteins  is  therefore  critical  to 
understanding  their  roles  in  biological  systems  and  biochemical  pathways. 
Most  of  the  three-dimensional  structural  data  obtained  for  biological 
macromolecules  comes  from  X-ray  diffraction  experiments  or  the  electron 
microscope.  X-ray  difftaction  analyses  require  that  molecules  be  ordered  into 
fibers,  sheets  or  crystalline  arrays;  however,  not  all  macromolecules  crystalize 
to  form  such  ordered  structures.  Electron  microscopes  resolve  to  about  five 
angstroms,  which  is  less  than  the  accuracy  required  to  characterize  these 
structures.  A simple  method  for  predicting  how  a protein  will  fold  is  clearly 
needed. 

The  initial  breakthrough  in  the  study  of  protein  folding  occurred  in 
1957  when  Christian  B.  Anfinsen  unfolded  and  refolded  purified  ribonuclease 
in  the  absence  of  cellular  components.  This  study  established  that  all  of  the 
information  needed  to  determine  Ihe  final  conformation  of  a protein  can 
reside  in  the  polypeptide  itself-  How  the  sequence  of  residues  determines  the 
folding  of  proteins,  and  hence  their  conformations,  has  remained  a major 
unsolved  question  in  biochemistry. 

arrangement  of  a molecule  as  determined  by  rotations  about  the  single  bonds. 
In  the  specific  case  of  the  polypeptide  chain,  conformation  describes  the 
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overall  spatial  organization.  The  description  of  polypeptide  conformation 
involves  the  spedficadon  of  bond  length,  bond  angles  and  angles  of  internal 
rotation  about  the  sigma  bonds. 

At  the  beginning  of  the  life  of  the  chain,  residues  in  the  sequence 
interact  with  each  other  and  the  solvent  to  cause  the  chain  to  fold  up.  These 
interactions  are  almost  solely  dependent  on  the  nature  of  the  side  chains 
which  characterize  the  twenty  amino  adds.  Charged  residues,  such  as  aspartic 
add,  glutamic  acid,  and  tyrosine,  are  located  preferentially  at  the  protein 
surface,  where  they  can  interact  with  water;  residues  in  the  interior  are  dosely 
packed,  with  the  solvent  relatively  exduded.  Burying  of  the  hydrophobic 
groups  and  surfaces  is  a major  source  of  the  protein  stabilization-  For 
hydrophilic  amino  acids,  interactions  indude  both  ion  pairs  and  hydrogen 
bonds.  Hydrophobic  amino  adds  are  probably  critical  in  the  forming  of 
solvenl-ewluding  protein  interiors.  Within  proteins,  the  conformalions  of 
the  amino  add  side  chains  are  not  strained,  but  represent  low  energy  states. 

Recent  progress  on  polypeptide  chain  folding  has  come  from  work  in 

1-  Investigations  of  the  conformation  of  folding  intermediates  using 
hydrogen  exchange  and  nuclear  magnedc  resonance  (NMR) 
techniques. 

1 Pinpointing  the  residues  in  polypeptide  chains  that  carry  the 
informadon  that  determines  the  folding  pathway  by  the  use  of 
polypepdde  chains  with  amino  add  subsdtudons  at  known 

3.  Analysis  of  steps  within  cells  between  the  nascent  polypeptide  chain 
polymerized  sequentially  on  the  ribosome  and  the  appearance  of  the 
native  protein.  For  exported  proteins,  there  is  a complex  series  of 
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interacHons  of  the  nascent  chain  with  cellular  components, 
including  helper  proteins  called  molecular  chaperones. 

All  three  approaches  are  used  to  further  elucidate  the  possible  folding 

Aside  from  the  characterization  of  the  role  of  the  amino  acids  in 
protein  folding,  there  have  been  computer-based  approaches  in  determining 
the  folding  Intermediates,  and  thus  the  folding  pathways.  Energy 
minimization  is  a predominant  simulation  technique  to  determine  a reaction 
pathway,  since  large  movements  which  involve  concerted  displacements  of 
many  atoms  or  those  requiring  the  crossing  of  energy  barriers,  carmot  be 
investigated  with  molecular  dynamics  [Mel77,  StrSl). 

In  [Chu91,  Iou91),  energy  minimization  is  used  extensively  as  a 
simulation  tool  for  the  inspection  of  the  conformational  change  occurring  in 
large  molecules.  Bile  salts  ate  derived  from  cholesterol  and  their  formation  is 
the  principal  route  of  cholesterol  degradation  and  elimination.  In  IIou91), 
cholic  add  (a  kind  of  bile  salt)  layers  are  built  on  a screen  by  stacking 
individual  cholic  add  molecules  together.  Subsequent  energy  minimization 
did  darify  the  change  in  the  size  and  shape  and  orientation  of  channels 
peculiar  to  the  micelle.  In  [Chu91],  ubiquitin  molecules  are  joined  together 
and  their  conformational  change  investigated.  Depending  upon  the  joint 
positions,  various  patterned  structures  were  derived  so  that  one  could 
assume  that  a regulatory  function  was  ruling  the  conformation.  Since  energy 
minimization  deforms  the  protein  conformation  in  the  direction  of  a more 
stabilized  form,  it  is  reasonable  to  assume  that  the  folding  process  can  best  be 

Therefore,  the  output  conformations  from  energy  minimization 
calculations  can  act  directly  as  input  frames  in  the  animation.  However,  the 
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mere  display  of  sequential  frames  from  energy  minimization  does  not  result 

from  one  frame  to  another  varies  widely.  For  instance,  in  one  frame,  some 

of  displacement  while  in  next  frame,  the  same  porbon  remains  relatively 
Bxed.  Energy  minimizabon  generates  confonnabonal  data  relying  solely  on 
energy  levels,  and  spafial  distance  in  the  conformational  data  cannot  be 
reflected  in  Its  calculation. 

Literature  Review 


Molecular  Graphics 

Since  Cyrus  Levinthal's  first  attempt  to  draw  molecules  on  a computer 
in  1966  [Lev66],  molecular  graphics  as  a field  of  computer  graphics  has 
undergone  extensive  research  and  improvement.  Tradlbonally,  costly  and 
tedious  mechanical  reconstrucbon  of  molecules  in  limited  laboratory  space 
has  been  the  impetus  for  the  preference  for  computer  representation.  In 
addibon,  computer  representation  permits  rotation  and  translation  of  a three- 
dimensional  representation  to  aid  in  the  recognition  and  understanding  of  a 
three-dimensional  molecular  structure  [Sch79], 

Molecular  graphics  is  an  ever-expanding  field  with  immediate  practical 
impact  on  the  design  and  prediction  of  structures  for  useful, 
pharmacologically-active  proteins.  Recent  sophisticated  demands  require  the 
control  of  specific  protein  conformations  such  as  bond  lengths,  bond  angles, 
molecule  surface  areas,  molecular  volumes,  or  boolean  operation  on  areas 
and  volumes  with  a simple  interface  device  such  as  a mouse  tFleS6,  Piqb6). 
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Individual  atoms  and  the  bonding  relations  between  atoms  fall  into  a 
few  general  classes  in  the  representation  techniques  which  have  been  applied 
to  date.  Among  these  computer  graphical  representations,  the  skeletal  model, 
ball-and-stick  model  and  space-filling  model  have  their  mechanical 
counterparts  implemented  by  truncated  plastic  materials. 

The  skeltlal  model  (or  wireframe  model)  ISch79)  is  based  on  Kendrew- 
Watson's  physical  model  of  a molecule,  typically  with  a scale  of  I Angstrom 
unit  being  equal  to  20  mm  and  with  a wire  diameter  of  2mm.  This  model 

atoms-  Junctions  of  bonds  and  their  termini  imply  atomic  position. 
Advantages  of  this  model  are  simplicity  and  the  capability  of  rapid  imagiitg  of 
large  molecules  (e.g.,  those  molecules  where  the  number  of  atoms  exceeds 
The  skeletal  model  pennits  the  viewer  to  determine  bond  lengths, 
angles  and  dihedral  angles  (Sch79,  StrSl,  CheSS)  with  ease. 

Devised  by  Corey.  Pauling,  and  Koltun,  the  CPK  model  tspoee-filling 
model  or  apherieal  model)  illustrates  molecular  surface  shapes,  since  surface 
shapes  determine  such  oudal  biological  functions  as  substrate-effector 
interactions  [Sch79J.  While  an  atom  is  a quantum  mechanical  unit  whose 
volume  is  specified  by  a probability  distribution,  experiments  show  that 
spheres  can  approximate  atomic  volume  and  shape  [Che88).  The  van  der 
Waais  contact  distance  [MetTT)  determines  the  atomic  radii  in  the  CPK  model. 
This  distance,  defined  as  the  length  at  which  a repulsive  force  begins  to  exert 
influence  when  two  atoms  are  drawn  to  each  other,  is  largest  among  various 
bonds.  For  rton-bonded  instances  such  as  binding  of  sterically  complementary 
atoms,  van  der  Waais  interaction  as  caused  by  temporal  asymmetry  in 
electron  charge  attracts  atoms  together.  Therefore,  the  CPK  model  treats  the 
van  der  Waais  radius  as  the  size  of  an  individual  atom  and  expresses  the 
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molecule  as  the  tmion  of  spheres  [Max83,  Met77).  Nevertheless,  the  bonds 
between  atoms  are  Invisible  in  the  spherical  model.  Because  the  bonds  are  the 
overlapping  region  of  the  atom's  electron  densities  in  the  spherical  model, 
they  are  buried  under  spherical  surfaces  and  the  relative  geometry  between 
the  atoms  is  hard  to  distinguish. 

The  dot  sphtre  model  uses  dots  to  depict  atomic  surfaces  or  surfaces  of 
a constant  electron  density.  The  ball-and-slick  model  reduces  the  size  of  an 
atom  relative  to  bond  length  to  make  the  inter-atomic  bonds  visible.  'Varying 
the  radius  of  the  connection  link  in  the  ball-and-stick  model  imparts  a sense 
of  relative  depth  between  two  atoms  as  in  a perspective  view  transformadon- 
Stereographic  view  pairs  of  this  model  ISyb891  allows  depth  perc^tion  of 
intersecting  lines. 

The  interaction  between  the  protein  surface  and  a water  molecule 
offers  another  modeling  basis.  The  solnenl  accessible  surface  model  [Con83, 
LanSl,  Max88},  as  a variation  of  the  spherical  model,  makes  it  easy  to 
visualize  the  enzymology  of  hydrophobic  and  hydrophilic  reactions.  This 
model  displays  Van  der  Waals  surface  areas  of  an  atom  that  is  accessible  to  the 

With  the  growing  popularity  of  the  CPK  model,  various  efforts  in 
involved  in  its  use. 

Polygonal  approximation  of  a sphere  uses  a constant  surface  normal 
vector  to  speed  up  hidden  surface  removal  [RogSS,  New791.  To  avoid  Mach 
effects  on  polygonal  facets,  the  number  of  facets  must  be  increased 
enormously.  Based  on  the  scaling  of  color,  precalculation  of  the  shading 
function  for  a sphere  [StaTS]  was  applied  on  a scan  line  basis  to  reduce  the 
Mach  effects  by  elimination  of  polynomial  a 


approximation.  This  sphere- 
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shading  algorithm  is  implemented  with  a dedicated  display  buffer  [Sta86]  to 
speed  up  the  rendering  of  spheres  irt  large  molecules.  In  an  attempt  to  reduce 
the  complexity  and  thereby  to  reduce  the  time  constraints  required  to  draw 
intersecting  spheres,  a model  of  molecular  structures  with  non-intersecting 
spheres  has  also  been  investigated  IStaSSI. 

Rather  than  subdividing  a sphere  into  a collection  of  polygons,  Porter 
(Por781  treated  a sphere  as  a primitive  and  exploited  the  fact  that  a sphere 
projects  into  a circle  regardless  of  the  position  of  viewpoint.  Porter  applied 
Bresenham’s  image  space  drde  generation  algorithm  [Bres77]  to  avoid 
square-root  calculations.  However,  this  method  suffers  from  aliasing  [Cro77, 
CroSH  by  showing  jagged  edges.  Such  aliasing  effects  can  be  greatly  reduced  by 
the  use  of  post-aliasing  lookup  tables  |WanS9].  If  one  simplifies  a sphere  Into 
a drde  lEvaTB,  Max7g,  Max83,  KnoSl!,  a conventional  hidden  line  removal 
method  can  be  used  to  calculate  visible  arcs.  In  this  method,  a drde  or  filled 
drde  wiii  approximate  a sphere,  but  the  model  lacks  visual  reality.  In  the  case 
of  non-overlapping  spheres,  an  object  space  pruning  algorithm  [FraSl]  is 
possible.  By  excluding  the  surfaces  which  are  declared  hidden  in  previous 
removal  stages,  the  algorithm  maintains  the  complexity  linearly  proportional 
to  the  number  of  spherical  objects. 

Equally  as  important  as  the  spherical  model  is  the  ribbon  model,  which 
has  been  used  to  visualize  a higher  level  of  conceptualization,  espedaliy  in 
protein  engineering.  Because  the  amount  of  graphical  information  in  a 
globular  protein  is  very  large,  researchers  tend  to  lose  interest  if  they  are 
confronted  with  the  full  details  of  the  individual  atoms  represented  by  a 
spherical  model.  Rather,  they  need  to  interpret  local  distribution  of  atoms  in 
terms  of  global  secondary  structures,  which  are  regular  arrangements  of  the 
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can  find  a particular  amino  acid  IJasSS]  in  a particular  location  on  a long 
residue  sequence.  In  this  respect,  the  ribbon  model,  as  a framework  for  the 
recognition  of  higher  level  structures,  such  as  the  tertiary  structures,  plays  an 


Although  protein  engineers  may  Bt  together  several  side  chains  during 
the  design  process,  their  ultimate  interest  lies  in  the  backbone  confoimadoris, 
since  the  stability  of  the  molecule  is  determined  by  the  spatial  pattern  of  such 
conformations.  The  ribbon  model  (Sch79,  StrSl]  in  this  context  portrays  a 
molecule  as  multiple  threads  approximating  the  lines  joining  backbone 
atoms.  Although  the  backbone  atoms  are  defined  to  include  all  the  rutrogen. 
alpha  carbon  and  (carbonyl)  carbon  atoms,  the  line  joining  the  adjacent  alpha 
caiborts  has  been  treated  as  the  backbone  line  alternatively.  Figure  5-5 

representation  of  various  conformational  structures  Instead  of  a single 
thread,  multiple  threads  are  drawn  in  parallel  to  help  the  viewers  perceive 
three-dimensional  depth  on  a two-dimensional  saeen.  Various  patterns  of 
naturally  stable  secondary  structures  such  as  helix,  sheet,  coll  and  turn  can  be 
visualized  with  ease  using  the  ribbon  model. 

Overall,  the  exploration  of  molecular  graphics  to  date  has  mainly 
concentrated  on  a stadc  display  of  a molecule  and  the  use  of  models  varied  to 
suit  the  diverse  needs  of  the  protein  engineers.  Depending  on  what  aspect  of  a 
molecule  should  be  emphasized  and  visualized,  various  models  have  been 
proposed.  Nevertheless,  the  modeling  aspects  with  regard  to  the  animabon  of 
molecules  have  not  yet  been  probed.  In  the  following  section,  we  will 
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Molecular  Animation 

extension  o(  existing  means  of  computer  representation  is  an  animated 
graphic  display  of  the  molecular  motion.  Feldmann  and  Levitt  IFelSOI,  in  a 
1980  film  of  the  molecular  dynamics  of  bovine  pancreatic  trypsin  inhibitor 
(BFTI).  demonstrated  the  power  of  computer  animation  as  a tool  for  the 
researcher.  Fundamental  concepts  were  easy  to  grasp  using  visual  effects 
involving  motion.  The  technique  of  computer  animation  shows  promise  in 
appUcBlions  from  non-lnvasive  robotic  surgery  to  the  prediction  of  structure 
for  enzymes,  and  to  the  animated  display  of  such  molecular  processes  as  DNA 
unwinding  or  protein  folding/ unfolding  equilibria. 

In  the  decade  since  these  earliest  efforts  at  computer  animation  of  the 
motions  of  a molecule,  the  computeT'aided  design,  manipuladon  and  display 
of  molecular  structures  have  grown  into  a one  hundred  million  dollar-a- 
year-business.  However,  most  of  the  existing  molectrlar  graphics  packages  put 
great  emphasis  on  enhancing  the  photorealism  of  a static  view  of  molecules, 
while  ignoring  the  potential  for  animated  display  of  molecules. 

Those  graphics  systems  which  do  attempt  the  animation  of  molecular 
dynamics  data  to  simulate  molecular  motion  share  a number  of  common 
characteristics  as  follows: 

Foremost  of  these  is  that  they  require  the  use  of  a mainframe 
computer,  since  the  generation  of  realistic  images  can  be  prohibitively 
expensive.  Because  the  computer  representation  of  a spherical  or  space-filling 
model  requires  an  enormous  amount  of  CPU  time,  the  simpler  wireframe 
model  has  proven  more  useful  in  all  attempts  to  date  at  molecular 
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animation.  The  wireframe  model  as  an  animadon  tool  [Del84,  Fujg6,  Tod83l 
permits  rapid  Imaging  of  large  molecules,  but  has  the  disadvantage  of  such 
distracting  visual  effects  as  flipping  side  chains,  abrupt  changes  in  angles  and 
disjointed  motion.  As  a result,  viewers  are  easily  distracted  from  the  global 
changes  in  conformation.  Second,  conventional  concepts  of  animation  as  a 
series  of  sequential  displays  of  a frame  have  proven  of  limited  use  when 
applied  to  molecular  dynamics.  Third,  most  of  the  approaches  to  date  have 
concentrated  on  increasing  interactivity  |DelS4,  FujS6,  TodS3J,  so  that  a user 
could  control  animation  speed  and  viewpoint,  and  freeze  the  animation 
stream  in  order  to  analyze  Individual  confoimations.  Such  controllability  and 
the  added  capability  to  analyze  a static  scene  are  meaningful  in  that  they  help 
recognize  the  three-dimensional  sDuctuie  of  the  molecules,  but  are  useful 
only  if  a proper  model  tor  animation  is  employed. 

To  summarize  the  problem,  currently  available  animation  systems 
such  as  Ihe  Winchester  Graphic  System  ITod83|  or  BRUGEL  [Del84]  have 
shown  loo  much  emphasis  on  the  Implementation  of  the  controllabilities. 
The  molecular  mode)  predominant  in  the  previous  animation  system  was 
the  wireframe  model,  which  intrinsically  produced  such  visual  anomalies  as 
high-frequency  motion  of  flipping  side  chains  and  abrupt  motion 
discontinuities.  Essentially,  the  wire  frame  model  is  not  suitable  for 
animation.  In  addition,  the  conventional  systems  could  not  show  smooth 
movements,  since  a series  of  folding  intermediates,  as  is,  is  displayed  without 
any  consideration  of  the  possibility  of  generating  inbetween  frames- 
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polypeptide  chain,  $ = <p  = 180  degrees. 
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Two  specific  aspects  of  our  animation  system  should  greatly  improve 
the  quality  of  the  conventional  molecular  animation  systems.  These  are, 
i)  Modified  use  of  the  ribbon  model, 
li)  Introduction  of  key-frame  inbetweening. 

The  free  form  spline  developed  in  Chapter  3 makes  up  the  theoretical 
foundation  for  the  modified  ribbon  model  which  will  be  discussed 
subsequently.  The  method  to  control  the  motion  speed  developed  in  Chapter 
4 will  be  used  in  key-frame  inbetweening  or  our  animation  system. 

Although  the  ribbon  model  has  been  used  to  generate  a static  view  of 
protein  conformation,  the  disadvantages  of  the  model,  when  used  as  an 
animation  tool,  can  be  sitmmarized  as  follows: 

1.  When  animated,  the  multiple  parallel  threads  making  up  the  ribbon 
results  in  a flipping  motion  which  distracts  viewer's  attention  fiom 
the  conformabonal  change  of  the  backbone. 

Z The  origirtal  purpose  of  drawing  multiple  threads  in  the  ribbon 
model  was  to  enhance  depth  perception  in  a static  view.  But  the 
threads  enhance  depth  perception  only  when  a viewer  has  enough 

display  of  frames,  however,  the  lime  between  the  frames  is  very 
limited  since  the  frames  should  be  displayed  at  a rate  of  about  thirty 
frames  per  second  in  order  to  produce  the  visual  illusion  of 
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3.  In  the  ribbon  model,  the  curve  representing  a sequence  of  the 
backbone  atoms  does  not  necessarily  pass  through  the  backbone 
atoms  themselves. 

model,  we  define  the  solid  backbone  model  as  a proper  too)  for  the  animation 
as  follows: 

1.  The  solid  backbone  model  is  a combination  of  cylinders  with  their 
axes  joining  the  backbone  atoms.  Thus  the  backbone  curve  appears 

2.  The  solid  backbone  model  passes  through  the  backbone  atoms 
exactly. 

Because  it  is  defined  as  a three-dimensional  solid  (i.e.,  combination  of  the 
cylinders),  the  nipping  motian  of  the  multiple  threads  during  the  animation 
can  be  removed.  Meanwhile,  the  three-dimensional  depth  of  the  protein 
conformation  can  be  perceived  through  the  shading  on  the  surface  of  the 
cylinder.  The  shading  is  a more  natural  way  to  recognize  a three-dimensional 
structure  and  it  allows  immediate  recognition  of  the  backbone  conformation 
during  animation.  In  a sense,  the  model  is  also  suitable  for  the  static  view  of 
the  backbone  conformation,  since  the  only  reason  the  ribbon  model  is  used  in 
the  representation  of  the  protein  backbone  is  for  depth  perception. 

Various  illumination  techniques  for  shading  can  be  found  in  |Fol82, 
RogSSI.  Usually,  the  iUumination  models  are  applied  to  a polygonal  surface 
using  a constant  normal  of  the  polygon.  In  the  solid  backbone  model,  a 
cylinder  is  made  up  of  patches  of  small  polygons  and  the  number  of  polygons 
approximating  the  cylinder  can  be  chosen  aitntraiiJy.  Although  the  image  of  a 
cylinder  becomes  close  to  a real  cylinder  as  the  number  of  the  polygons 
inaeases,  the  computation  involved  in  the  calculation  of  the  intensity  of  a 
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pixel  t>ecomes  costly  also.  In  animation,  however,  it  is  generally  believed  that 
a rough  shading  will  suffice  to  represent  an  object,  since  viewers  tend  to 
ignore  the  minute  details  of  the  shading  while  the  image  changes. 

Another  technique  involved  in  improving  the  three-dimensional 
perception  of  a solid  backbone  model  is  the  use  of  hidden  surface  removal 
algorithms.  These  algorithms  attempt  to  determine  the  lines  or  surfaces  that 
are  visible  or  invisible  to  an  observer  located  at  a specific  poini  in  space.  The 
fundamental  assumption  made  in  these  algorithms  is  that,  the  farther  an 
object  is  from  the  viewpoint,  the  more  likely  the  object  is  to  be  totally  or 
partially  obscured  by  one  closer  to  the  viewpoint. 

Various  solutions,  such  as  a scan  line  z-buffer  algorithm  [Ath83,  StaTB], 
visible  surface  ray  tracing  [WhiSO,  Qa89),  floating  horizon  algorithm  |Wan89, 
Wri73]  can  be  used  for  the  back  face  culling  of  the  solid  backbone  model.  Note 

threads  were  simply  overlaid  and  intersected  regardless  of  their  distance  from 

threads  to  determine  which  portion  of  the  backbone  curve  is  closer  to  them. 

that  it  also  leaves  room  for  the  display  of  the  previous  molecular  models.  As 

because  protein  engineers  are  more  concerned  about  the  conformational 
change  represented  by  the  backbones,  which  are  usually  hidden  under  Van 
der  Waals  surfaces  in  the  spherical  model  representation. 

However,  the  importance  of  the  spherical  model  must  not  be 
overlooked  since  the  geometry  of  spherical  surfaces  determines  some  of  the 
crucial  properties  of  the  molecules.  Often  proton  engineers  need  to  stop  the 
animation  flow  and  query  about  the  geometrical  information  of  the  atoms,  in 
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useful  tool  tor  the  analysis  and  this  is  the  main  reason  why  we  make  the  solid 
backbone  model  pass  through  the  backbone  atoms. 

By  making  the  backbone  curve  pass  through  the  backbone  atoms, 
viewers  can  locale  the  exact  position  ot  backbone  atoms.  Therefore,  they  may 
notify  the  animation  system  of  their  area  of  concern  by  clicking  on  the 
backbone  atoms  at  the  concerned  area.  The  animation  system,  in  turn,  can 
display  the  spherical  model  of  the  backbone  atoms  In  that  speciflc  area. 
Furthermore,  entire  atoms  belonging  to  clicked  residues  can  be  displayed, 
provided  with  a proper  data  structure  IAho83,  Sam90|  that  could  link  the 
positional  information  of  the  atoms  within  a residue.  Because  alpha  carbon 
joins  nearby  nitrogen  and  carbon  in  the  same  plane,  specification  of  a 
sequence  of  backbone  atoms  (or  alpha  carbons)  can  completely  recover  the 
structure  of  all  atoms  related  to  those  backbone  atoms  with  proper  setup  of  a 
database  IDaf86,  Elm89|.  This  way,  only  those  atoms  which  interest  the 
viewer,  which  are  hidden  inside  most  of  the  time  in  the  spherical 
representation  of  an  entire  molecule,  can  be  viewed  in  detail. 

In  exchange  for  the  pleasing  visual  appearance  of  approximating 
splines,  which  do  not  necessarily  pass  through  the  backbone  atoms,  the 
accuracy  of  the  backbone  curve  can  be  enhanced.  At  least,  backbone  atoms  lie 
on  the  backbone  curve.  Even  if  the  backbone  curve  is  made  up  of  alpha 
carbons  only,  there  is  a greater  chance  that  the  nearby  nitrogens  and  carbons 

splines.  The  approximating  splines  are  best  suited  tor  the  display  of  secondary 
structure  patterns  which  are  usually  very  stable  in  nature  and  thus  lend  to 
ar  at  the  final  stage  of  the  folding  process.  Since  the  folding  process  in 
ral  is  the  transition  from  the  random,  unfolded  conformation  to  the 
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secondary  structuiai  patterns,  intermediate  states  do  not  generally  exhibit 
such  patterned  structures.  Therefore  the  conformation  in  transition  does  not 
have  to  be  visually  pleasing.  Instead,  the  graphical  representation  should  be 
focused  on  representing  a more  accurately  the  shape  of  the  folding 

In  practice,  the  property  of  passing  through  the  backbone  atoms  acts  as  a 
bridge  between  the  static  and  the  dynamic  display  (he.,  animation).  As  long  as 
there  Is  a proper  tool  for  linking  the  dynamic  and  static  display,  various  static 
models  presented  previously  can  be  exploited  and  incorporated  into  the 
animation  system.  At  the  instant  the  animation  is  interrupted  for  a static 
analysis,  the  system  may  go  back  to  the  nearest  key  frame  and  the  static 
display  can  be  started  with  the  position  of  the  alpha  carbons  on  that  key 
frame.  Therefore,  such  static  display  can  be  imbedded  as  part  of  the  dynamic 
display  with  this  scheme. 

Figure  5-7  clarifies  this  point.  In  the  upper  left,  a dot  sphere  model  of  a 
certain  protein  residue  sequence  is  drawn.  The  positions  of  the  alpha  carbon 
atoms  are  indicated  by  the  joints  of  the  straight  line  segments  and  the  joints 
themselves  are  the  centers  of  the  dot  spheres  representing  the  alpha  carbons. 
A smooth  curve  running  along  the  dot  spheres  is  an  example  of  the 
approximating  spline-  Notice  how  the  spline  misses  the  centers  of  the  alpha 
carbon  atoms.  The  backbone  curve  for  the  situation  at  hand  leaves  the 
position  of  the  backbone  atoms  by  a large  margiru  Therefore  it  is  hard  to  mark 
the  position  of  backbone  atoms  on  such  a curve.  The  top  right  figure  is  a 
spherical  model  of  the  same  molecule,  and  the  bottom  figure  is  a zoomed 
view  of  a portion  of  that  molecule.  By  making  the  backbone  curve  pass 
through  the  backbone  atoms,  the  position  of  the  backbone  atoms  can  be 
marked  on  the  curve,  and  the  alpha  carbon  locations  can  be  completely 


infonned  to  the  animation  system  just  by  designating  their  positions.  U,  on 
the  other  hand,  the  backbone  curve  is  constructed  by  an  approximating  spiine, 

stopping  the  animation  flow-  This  is  the  main  reason  why  the  solid  backbone 
Frame  Inbetweenine 

The  second  aspect  of  the  proposed  system  is  the  incorporation  of 
inbetweening  techniques  into  the  solid  backbone  model.  The  inbetweening 
technique  as  a research  area  of  computer  graphics  has  been  investigated  in 
Chapter  4 in  detail,  and  thus  this  section  wdU  present  its  application  in  the 
context  of  the  animation  of  protein  folding. 

To  date,  none  of  the  existing  molecular  graphic  systems  has  attempted 
to  use  the  inbetweening  technique  in  the  context  of  animation.  This  is  true 
even  for  the  simulation  of  the  protein  dynamics  which  can  be  loosely  defined 
as  conformational  fluctuation  over  a given  time  span  IMet77,  StrSi].  Previous 
endeavors  [DeiS4,  FujS6,  TodS3l  in  molecular  animation  share  some  common 
characteristics,  as  follows: 

1.  In  the  modeling  aspect,  most  of  the  systems  use  the  wireframe 
model  as  an  animation  tool. 

2.  Since  a fuli  bond  is  represented  in  the  wireframe  model,  high 
frequency  motions  of  sidechains  could  distract  the  viewer's 

3.  Even  if  only  the  chains  connecting  the  backbone  atoms  are 
displayed,  the  motion  transition  is  inherently  abrupt,  since  the  joint 
angles  of  the  wire  frame  can  vary  widely  from  one  frame  to  artother. 
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By  incorporating  a smooth  curve  in  the  solid  backbone  model,  the  problems 
associated  with  the  first  two  characteristics  of  the  wireframe  model  could  be 
removed.  However,  the  last  characteristic  should  be  handled  properly  to 
assure  enhanced  display  of  the  protan  folding  process. 

backbone  shapes  is  not  sufficient  for  animated  display,  since  the  computer 
animation  technique  relies  heavily  on  visual  illusion.  When  a collection  of 
frames  represenfing  the  backbone  is  displayed  sequentially,  the  visual  illusion 
of  animation  is  possible  only  when  a sufBdent  number  of  static  frames, 
which  are  similar  in  shape,  are  provided.  If  the  image  of  the  current  frame 
deviates  remarkably  from  that  of  the  previous  frame,  the  previous  image 
does  not  help  animate  the  scene,  although  it  remains  and  becomes 
overlapped  by  the  current  frame  visually. 

In  view  of  the  preparation  for  the  shapes  of  the  folding  intermediates, 
it  can  be  said  that  visual  resemblance  between  adjacent  Intermediates  cannot 
be  assured.  Because  of  the  limited  technologies  |Kim82],  to  date,  only  a few 
folding  Intermediates  have  been  able  to  be  captured  and  displayed. 
Theoretical  postulation  on  the  folding  pathway  (Cho84,  Wri88)  does  not 
necessarily  documenl  minute  transitions  from  one  frame  to  another. 

Rather,  a combination  of  the  secondary  structures,  which  belong  to  a 
very  limited  pattern  in  terms  of  the  entire  conformational  change  that 
folding  process  undergoes,  is  widely  used  in  the  explanation  of  the  folding 
pathway.  For  instance,  in  Figure  5-8,  a formation  of  polypeptide  chain  is 
explained  in  terms  of  the  formation  of  a transient  alpha  helix. 

Although  a theoretical  abstraction  can  be  destribed  by  such  a schematic 
diagram,  the  animation  of  the  folding  transition  involving  a detailed 
conformational  structure  cannot  be  presented  in  such  a discrete  way.  The 
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same  holds  true  for  calculation  of  Che  protein  dynamics  or  energy 
minimization.  For  instance,  if  energy  ininimizalion  is  set  to  stop  and  produce 
the  conformational  data  for  a predefined  small  change  in  the  energy  level,  the 
conformation  thus  produced  can  be  varied  greatly. 

No  matter  what  folding  pathway  is  assiuned,  the  acquired  folding 
intemiediates  should  be  treated  as  key  frames  to  exploit  the  visual  illusion  of 
animation  using  computer  graphics  technology. 

Inbetweening  frames  has  proven  to  be  a useful  technique  to  compute 
an  Intermediary  point  by  interpolating  between  two  key  drawings  in 
animation.  As  was  discussed  in  Ihe  Chapter  4,  It  smooths  out  the  adjacent  key 
frames  by  inserting  extra  frames  between  them  so  that  it  assures  smooth 

By  filling  in  a pair  of  distinct  key  frames  with  the  inbetwecn  frames, 
the  resemblance  between  frames  is  exploited,  so  that  Ihe  visual  illusion 
leading  to  animalion  may  take  place-  Given  the  conformation  lor  a certain 
instant  and  the  conformation  at  a later  dme,  inbelweening  is  the  process  of 
generating  intermediary  shapes.  Figure  5-9  illustrates  how  the  backbone 
curves  change  their  shapes  gradually  by  the  Incorporation  of  the 
Inbetweening  technique.  Pairs  of  key  frames  li.e.,  two  folding  intermediales  of 
a protein  structure)  produced  from  various  sources  are  imported.  The  sources 
can  be  a postulaled  folding  intermediates,  protein  dynamic  calculadons, 
measured  folding  intermediates,  or  the  conformation  resulting  from  energy 
minimization.  During  playback  of  this  sequence,  the  interpolating  scheme 
computes  those  frames  between  key  frames  IReeSl,  Smi83]  and  displays  them 

previous  approaches  that  specify  a single  frame  made  up  of  a single  protein 
structure  and  command  it  to  move  by  a certain  rule  lBur7Ij. 
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Figure  5-7. 


approximatiag  spline 


of  the  backbone 
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solid  backbone  model  described  in  the  preceding  section  will  be  implemented 

inbetweening  techniques  will  be  incorporated  to  produce  extra  frames  which 
would  enable  smooth  Ransition  between  two  folding  intermediates.  In 
making  up  a solid  backbone  model,  the  G'  free  form  splines  developed  in 
Chapter  3 will  be  used  to  enable  wiggle-free  representation  of  the  backbone 

of  an  individual  atom  belonging  to  a folding  intermediate  over  the  given 
time  span.  The  speed  conRol  techniques  developed  in  Chapter  4 will  be  used 
to  generate  a constant  speed  during  the  animation.  Generated  frames  will  be 
illustrated  in  the  nexl  section. 

11/780,  Evans/Sutherland  PS/390  and  a Macintosh  IIx  with  8 megabytes  of 
RAM  and  120  megabytes  of  hard  disk  space.  SYBYL,  a molecular  modeling 
software  from  Tripos  Inc.,  was  used  for  the  preparation  of  the  input  data  In 


Figure  5-10  shows  a bl 
the  input  preparation  stage.  T 


k diagram  of  the  prototype  system  including 
role  of  each  block  is  as  follows: 


In  the  prototype  system,  we  concentrate  on  the  folding  animation  ol 
protein  made  up  of  twelve  amino  add  residues.  Using  Evan 


as/Sutherland 


Dlecule  which  belongs  to  the 


PS/390,  a sequence  of  residues  of  a ubiquitin  mo 
alpha  helical  portion  is  extracted.  It  is: 

n.El-GLU2-ASN3-VAL4-LYS5-ALA6- 
LYS7-D-E8<3LN9-ASP10-LYS11-GLY12. 

where 

ILE  = isoleudne,  GLU  = glutamic  add,  ASN  = asparagine, 

VAL  = valine,  LY5  = lysine,  ALA  = alanine, 

GLN  - glutamine,  ASP  = aspartic  add,  GLY  = glydne. 

The  prindpal  Impetus  behind  the  prototype  system,  in  terms  of  biochemical 
interest,  is  twofold:  First,  if  we  design  and  construct  a protein  by  connecting 

energy  minimization  yield  the  same  conformation  {an  alpha  helix)  as  was 
Imbedded  in  the  originaJ  ubiquitin  molecule?  Second,  is  there  any  role  of  a 
spedflc  site  that  characterizes  the  folding  process  of  the  designed  molecule? 
The  animation  may  suggest  an  answer  to  the  second  question. 

The  VAX  n/780  was  used  to  calculate  the  gradual,  conformationa] 
change  of  the  geometrically  linear  sequence  of  residues,  upon  energy 
minimization.  In  each  run,  the  resulting  conformational  data  with  a certain 
energy  level  makes  up  a key  frame  to  be  used  in  the  next  stage.  A total  of  hfty 
key  frames  were  generated  with  successive  reduction  in  the  energy  level.  The 
output  file  format,  MOU  file  format  [Syb891,  is  a collection  of  a three- 
dimensional  Cartesian  coordinates  of  all  the  atoms  Including  the  backbone 


The  reason  why  the  backbone  scanner  is  separated  from  the  input 
preparation  stage  is  to  allow  more  flexibility  of  the  system  so  that  various 
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termats  of  conformational  data  can  be  handled.  Atomic  coordinates  from 
different  sources  and  different  energy  minimization  schemes  can  be 
incorporated  into  our  system  with  a proper  modification  of  the  backbone 
scanner.  The  scanner  extracts  »ther  the  location  of  alpha  carbons  or  can  be  set 
to  extract  entire  backbone  atoms  such  as  nitrogens,  carbons  artd  alpha  carbons 
from  the  given  conformadonai  output  file  of  the  input  stage. 

3.  Endpoint  genorator: 

Generally,  in  the  cubic  spline  method,  four  data  positions  are  needed  to 
evaluate  a curve  interpolating  two  inner  data  points.  Two  exterior  point 
positions  are  required  to  calculate  and  maintain  the  tangential  continuity  as 
was  discussed  Chapter  3.  This  is  true  both  for  the  and  class  splines.  In 
terms  of  the  data  points  made  up  of  the  twelve  residue  sequences,  positions  of 
residues  83  and  #6  are  used  to  generate  a backbone  curve  interpolating 
between  the  residues  #4  and  #5.  Therefore,  inside  the  sequential  data  points, 
this  restriction  does  not  cause  any  problems.  However,  to  evaluate  an 
interpolating  spline  running  from  residues  81  and  #2,  an  extra  data  point 
preceding  residue  81  is  needed  and  this  data  point  somehow  affects  the  curve 
shape  in  the  interpolated  region.  The  same  holds  true  for  the  evaluation  of 
the  curve  running  from  residues  811  and  812.  Thus,  two  extra  data  point 
locations  should  be  suppUed  as  an  end  condition. 

Although  some  effort  has  been  made  to  produce  a possible  end 
condition  [Bart87,  Far90],  an  additional  complexity  of  the  calculation  is 
involved  in  the  evaluation  of  the  endpoints.  For  instance,  a clamped  end 
condition  requires  the  prescription  of  tangent  vectors  at  the  data  points  and 
the  quadratic  end  condition  requires  evaluation  of  the  second  order 
derivatives.  However,  no  generally-known  best  solution  to  the  end  condition 
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problem  exists  and  it  is  reasonable  to  assume  a number  of  possible  positions 
of  the  endpoints  depending  upon  the  situation  encountered.  In  this  prototype 
system,  the  endpoint  preceding  residue  »1  is  assumed  to  be  in  the  opposite 
position  of  residue  #2  with  respect  to  residue  *1,  and  similarly  for  the 
endpoint  following  residue  #12. 

Figure  5-11  shows  a data  structure  representing  the  positional 
information  of  the  frames.  The  block  composed  of  while  squares  represents 
the  original  data  received  from  the  input  preparation  stage-  Each  column  of 
the  block  represents  the  position  of  alpha  carbons  making  up  a backbone 
conformation  in  space.  For  instance,  the  square  labeled  1 is  the  three- 
dimensional  Cartesian  coordinates  of  the  position  of  the  alpha  carbon  atom 
belonging  to  the  residue  #1,  isoleucme  Therefore,  starling  from  the  left,  each 
column  can  be  regarded  as  a sequence  of  key  frames  over  the  time  interval 
and  the  total  number  of  colurruts  is  50,  as  was  determined  by  the  Input 
preparabon  stage. 

While  each  column  of  Figure  5-11  shows  a backbone  conformation  at  a 
certain  instant,  a row  in  the  figure  represents  the  positional  change  of  an 
alpha  carbon  over  a given  time  interval.  For  Instance,  the  First  tow  of  the 
block  of  white  squares  specifies  the  spatial  locus  of  the  alpha  carbon  atom  of 
the  isoleudne  as  a fimction  of  Ume. 

The  endpoint  generator  works  in  two  ways  in  the  figure.  First,  an 
additional  imaginary  readue  position  is  attached  to  both  ends  of  a column  as 
shown  in  the  figure,  thereby  making  up  each  frame  of  1#  residues.  These 
additional  residues  will  be  used  as  the  endpoints  for  the  generation  of  the 
backbone  conformation  in  the  spline  interpoladon  module  so  that  the 
interpolated  curve  may  range  from  residues  #1  to  #12  in  its  en 
a pair  of  additional  endpoints  is  generated  for  each  row  of  the 


idiety.  Second, 
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endpoints  are  required  to  evaluate  the  motion  path  of  a single  atom  in  the 
time  domain.  Just  as  the  endpoints  are  needed  for  drawing  the  static  backbone 
curve  at  a certain  time,  so  are  they  needed  for  drawing  the  motion  path  of  a 
single  atom  over  a time  interval.  Row-wise  addition  of  the  extra  atomic 
positions  will  generate  two  extra  key  frames,  one  preceding  the  first  key 
frame,  the  other  following  the  last  key  frame.  The  additional  key  frames  will 
be  used  for  the  interpolation  of  the  motion  path  in  the  subsequent  spline 
Interpolation  module. 

4.  Rotti/colunia  converter: 

This  routine  converts  the  collection  of  columns  in  Figure  5-11  into 
rows  and  vice  versa.  Since  the  first  step  of  our  spline  interpolator  is  the 
interpolation  of  motion  path  in  the  time  domain,  and  since  the  interpolation 
is  applied  for  each  atom,  the  column  data  should  be  converted  into  row  data. 
Therefore,  fourteen  files,  each  containing  the  locus  of  each  residue,  including 
the  two  extra  endpoints,  will  be  generated  as  a result  of  runrung  the 


5.  Spline  inlcrpofelion  module: 

The  Incremental  Knot  Spacing  method  developed  in  Chapter  4,  and 
the  G*  free  form  splines  developed  in  Chapter  3 are  applied  to  the  motion 
speed  interpolant  and  the  backbone  shape  interpolant,  respectively,  in  this 
module.  Although  two  separate  routines  make  up  this  module,  they  share  a 
common  routine  in  practice,  since  both  adopt  the  G'  free  form  splines  as  their 
interpolation  scheme.  The  same  interpolation  method  can  be  used  both  for 
the  generation  of  the  motion  path  of  a single  atom  over  a time  interval,  and 
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the  generation  of  a backbone  curve  at  a certain  instant.  Consequently,  the 
timing  and  the  shape  of  Inbetween  frames  are  determined  by  this  module. 

The  main  reason  why  they  are  separately  treated  lies  in  the  fact  that  the 
additional  flexibility  of  controlling  motion  speed  is  required  in  the  motion 
speed  interpolant.  Our  prototype  system  is  made  to  maintain  constant  speed 
between  pairs  of  key  frames,  but  one  might  need  to  slow  down  the  change  of 
the  conformation  in  a certain  key  frame  range  and  this  is  possible  by  varying 
motion  speed  parameters  in  the  motion  path  interpolant  routine.  By  the 
same  token,  the  number  of  points  approximating  a backbone  curve  can  be 
arbitrarily  chosen  in  the  backbone  shape  Interpolant.  For  instance,  if  a curve 
between  two  residues  is  approximated  by  the  combination  of  the  line 
segments  joining  eight  internal  points,  the  curve  can  be  said  to  be  more 
acctuately  approximated  than  one  constructed  by  joining  four  internal  points. 
Since  the  number  of  residues  representing  a large  molecule  could  greatly  be 
increased,  there  should  be  a trade  off  between  the  number  of  internal  data 
points  and  the  computation  time  involved. 

As  a result  of  tunning  the  motion  path  interpolant,  additional 
inbetween  atomic  positions  are  generated  for  each  row  of  Figure  S-11.  For 
instance,  if  eight  inbetween  frames  per  pair  of  key  frames  are  specified  for  the 
motion  path  interpolant,  a total  of  401  frames  <8  * 50  + T)  are  generated  to 
enable  smooth  transition  between  backbone  conformations.  Since  these 
inlerpolations  run  for  each  atom  making  up  a row,  and  since  the  actual 
backbone  conformation  is  built  up  upon  the  data  points  represented  by 
columns,  the  output  of  the  motion  path  interpolant  should  be  fed  into  the 
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Finally,  the  backbone  shape  interpoUnl  is  used  to  generate  the 
backbone  curve  corresponding  to  each  of  the  401  frames  which  are  produced 
by  the  motion  path  interpolant. 

6.  Tnnsimor: 

There  is  a particular  aspect  of  motion  dynamics  to  be  considered  in 
association  with  the  animadon  of  protein  folding.  If  the  frames  illustrated  in 
Figure  5-12  are  displayed  sequentially,  as  is,  the  global  motion  of  the  backbone 
curve  will  include  the  displacement  of  the  backbone  from  one  frame  to 

backbone  itself  is  moving.  As  a matter  of  fact,  all  the  atoms  involved  in  the 
energy  minimization  calculation  are  translated  and  the  data  given  in  the 
input  preparation  stage  do  contain  the  positional  displacement. 

Nevertheless,  in  the  arumadon  of  the  folding  process,  what  we  are 
interested  in  is  the  relative  defonnadon  of  the  inside  conformadon  of  the 
backbone  curve  and  not  the  global  transladon  of  the  curve.  Suppose,  for 
example,  that  the  reladve  motion  of  the  moon  and  the  earth  is  to  be 
examined  by  an  animation.  If  the  scene  were  captured  in  such  a way  that  the 
sun,  and  the  circular  movement  of  the  moon  and  the  earth  around  it,  is 
included,  viewers  would  be  overwhelmed  by  the  global  modon  of  the  moon 
and  the  earth  around  the  sun.  Although  the  relative  motion  between  the 
moon  and  the  earth  is  correctly  animated,  it  might  go  unnoticed.  By  the  same 
token,  the  relative  inside  deformation  of  the  backbone  curve  may  be  ignored 
if  the  global  displacement  of  the  backbone  curves  is  also  included  In  the 

Therefore,  a reference  point  should  be  postulated  on  the  backbone 
curve  to  fadlilale  the  perception  of  the  relative  deformation  of  that  curve. 
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Once  a reference  poini  is  determined  on  a certain  frame,  ali  the  residue 
locations  in  the  other  frames  should  be  traiulated  such  that  they  all  meet  at 
the  reference  point.  Figure  5*12  shows  the  difference  in  the  three  animated 
frames  resulting  from  variation  of  the  reference  point  The  reference  point  on 
the  first  illustration  is  set  to  the  N-terminus,  while  the  second  one  is  set  to 
the  C-terminus  of  an  amino  add  residue.  If  a reference  point  is  fised  near  the 
middle  of  the  backbone  curve,  the  animation  will  appear  such  that  the 
backbone  deformation  propagates  with  respect  to  the  reference  point.  In  the 
prototype  system,  the  position  of  the  first  residue  is  used  as  the  reference 
point.  However,  it  is  important  to  note  that  no  matter  what  strategy  is  taken, 
the  relative  position  of  an  atom  within  a backbone  curve  remains  fixed,  since 
all  of  the  atoms  are  translated  as  a group,  by  the  translator  module. 

7.  Display  module: 

This  module  is  responsible  for  the  generation  of  the  cylindrical  surfaces 
running  along  the  length  of  the  backbone  curve  and  there  are  some 
geometrical  calculations  involved  in  the  estimabon  of  a cylinder.  In  practice, 
a cylinder  can  be  approximated  by  an  arbitrary  number  of  polygons  a.s  shown 

segment  joining  the  center  of  surfaces  A and  B are  shown. 

Suppose  that  the  backbone  curve  shown  in  the  figure  is  to  be 
approximated  by  the  line  segments  Joining  the  four  points  C,  through  C,.  If 
we  denote  x,  y,  z components  of  C|  as 

C|  = (x,,  y,,  zp, 

then  the  surface  normal  vector  of  the  surface  A can  be  approximated  by 


b also  psrper 


n = ((x3-jt,),  (yj-y,>,  toj-z,)). 

Therefore,  a vector  which  lies  on  Ihe  surface  and 
surface  normal  can  arbitrarily  be  written  as. 

f = «y3-y,x  0). 

Qven  the  radius  R of  the  cylinder,  a point  P on  the  circle  lying  on  the  surface 
A can  be  calculated  as, 

p,  = X2  + RCys-y,)/  I r| 

Fy  - y2-R(>t3-Xi)/lr| 

Pa  “ *2 

where 

P^  Py,  P,  are  X,  y,  z components  of  the  point  P. 

Having  set  a point  on  the  circle,  the  rest  of  the  points  on  that  drcle  can  be 
calculated  easily  by  rotating  the  point  with  a certain  angle  with  respect  to  the 
center  of  the  circle.  However,  in  order  to  build  a polygon,  another  point  P'  on 
the  surface  B is  required  to  match  the  point  P on  the  surface  A.  A simple 
approach  is  taken  in  our  prototype  system.  The  matching  point  is  assumed  to 
be  the  intersection  of  the  surface  B,  and  the  line  parallel  to  the  vector  (C3  • Cj) 
while  passing  through  the  point  P. 

A perspective  projection  [Fol82,  New79]  was  employed  in  the  prototype 
system-  If  a square  surrounding  the  backbone  curve  in  the  x-y  plane  is 

from  the  center  of  the  square  with  its  direction  parallel  to  the  z-axis.  Since  the 
object  further  away  from  the  viewer  appears  smaller  In  the  perspective 
projection,  the  method  provides  a depth  cue,  an  indication  of  which  portions 
of  the  image  correspond  to  parts  of  the  object  which  are  dose  or  far  away. 


ed  to  shade  the  solid 
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A simple  illuminatiop  model  [Fol82,  RogSSj  is  use 
backbone  model  such  that  the  Lamberdan  cosine  term  is  added  to  a constant 
diffuse  light.  According  to  the  Lambert's  cosine  law,  the  Intensity  of  a light 
reflected  from  a perfect  diffuser  is  proportional  to  the  cosine  of  the  angle 
between  the  light  direction  and  the  surface  normal.  In  addition,  the  ambient 
light  explains  the  light  scattered  from  the  surroundings.  Therefore,  the  light 
intensity  of  a certain  polygon  is 

1 = 1,  ka^iikj  cose 

I is  the  intensity  of  the  light  reflected  from  the  polygon, 

1,  is  the  incident  ambient  light  intensity, 

k,  is  the  ambient  diffuse  reflection  constant, 

II  is  the  incident  light  intensity  from  the  distant  source, 

k^  is  the  diffuse  reflection  constant, 

6 is  the  angle  between  the  light  direction  and  the  surface  normal. 

Since  the  light  direction  is  assumed  to  be  parallel  in  our  system,  and  since  the 
surface  normal  of  a polygonal  surface  is  constant,  the  reflected  light  Intensity 
is  constant  for  each  polygon. 

The  display  module  is  mainly  concerned  with  the  generation  of  static 
images  of  the  individual  frames.  Various  types  of  commercially  available 
sequencers  can  simply  organize  and  display  the  individual  frames  for 
animation.  However,  we  limit  our  interest  in  this  dissertation  to  the 
generation  of  sequential  frames  based  on  the  the  solid  backbone  model 
approaches  and  further  investigation  of  the  sequencers  is  not  covered. 
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Figure  5-10.  Block  diagram  of  the  prototype  sys 
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Figure  5-11.  Data  structure  of  the  animated  (rames  used  in  the  prototype 
system.  Numbers  represent  the  residue  sequence  of  the  prototype  system. 
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Point  P and  P’  are  two  matching  points  on  surface  A and  B,  respectively. 
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Experimental  Frames 

Some  of  the  frames  produced  by  the  prototype  system  are  illustrated  in 
this  section  as  visual  experiments  using  the  solid  backbone  model  discussed 

Figure  5-14  shows  the  redrawing  of  the  ubiquitin  molecule  shown  in 
Figure  1-1.  Instead  of  multiple  threads,  four  polygonal  surfaces  are  used  to 
approximate  the  cylindrical  surface  representing  the  backbone  in  the  solid 
backbone  model.  Although  roughly  approximated,  shading  and  removal  of 
the  hidden  surface  is  explicit  enough  to  convey  the  spatial  distribution  of  the 
backbone  curve.  The  top  figure  shows  the  B-spline  interpolation  of  the 
backbone  curve  by  a combination  of  solids  and  the  bottom  figure  shows  the 
solid  backbone  model  drawing.  Although  the  solid  backbone  model  is  defined 
only  in  terms  of  the  interpolating  splines,  this  example  Is  produced  for  the 
purpose  of  making  a comparison  between  the  two.  As  was  shown,  the  B- 
spline  is  smoother  than  the  free  form  spline  and  is  visually  more  pleasing. 
However,  there  appears  to  be  more  error  in  the  B-spline  approximation. 

Figure  S-15  illustrates  the  alpha  helical  portion  of  the  ubiquitin 
molecule  shown  in  Figure  5-14.  The  helical  portion  ranges  from  residue  20  to 
residue  36  of  the  ubiquitin  molecule.  The  top  figure  is  the  B-spline 
approximation  and  the  bottom  figure  is  the  solid  backbone  model 
approximation.  With  white  dots  representing  the  location  of  the  alpha  carbon 
atoms,  the  B-spline  can  be  said  to  be  wide  of  the  mark.  Although  aesthetically 
pleasing,  the  backbone  curve  is  fairly  far  from  the  actual  backbone  atoms.  In 
contrast,  the  solid  backbone  model  drawing  could  achieve  more  accuracy  by 
making  the  curve  pass  through  all  the  positions  of  the  alpha  carbons.  There  is 
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a greater  chance  for  the  other  backbone  atoms,  such  as  nitrogen  and  carbon,  to 
exist  in  the  vicinity  of  the  curve.  Even  if  the  smoothness  is  reduced 
somewhat  compared  with  that  of  the  Et-spline,  visual  continuity  is  preserved 
in  this  model. 

Figure  5-16  shows  a pair  of  zoomed-in  views  of  the  part  of  the  alpha 
helix  in  Figure  5-IS.  The  difference  in  the  intensity  of  reflecting  iight  (i.e., 
shading)  can  be  shown  clearly  for  individual  polygonal  patches.  Notice  that 
the  radius  of  the  cylinder,  and  thus  the  sides  of  the  polygon,  is  not  regular 
because  of  the  limited  numbs'  of  polygons  used  for  the  approximation.  As 
the  number  of  line  segments  representing  the  backbone  curve  inaeases,  and 
as  the  number  of  polygons  approximating  a cylinder  increases,  such 
irregularity  can  be  reduced. 

Figure  5-17  is  the  array  of  the  ttvelve  residue  sequences  used  as  the 
input  for  energy  minimization.  It  is  modeled  simply  by  concatenating  each 

were  available  for  our  animation  system.  However,  for  purposes  of  the 
example,  only  the  first  three  key  frames  are  presented.  Figure  5-IS  illustrates  a 
solid  backbone  model  drawing  of  the  three  key  frames  representing  the 
folding  transition  of  the  protein.  Notice  that  the  conformational  changes 
between  adjacent  frames  are  great  enough  to  prevent  visual  illusions  when 
they  are  directly  displayed  for  an  animabon. 

Figures  5-19  and  5-20  illustrate  the  frames  produced  by  the 
inbetweerung  technique.  The  motion  speed  is  made  constant  for  each  atom 
belonging  to  the  backbone  conformation.  Figure  5-19  shows  the  inbetween 
frames  interpolating  key  frames  #1  and  H2,  while  Hgure  5-20  shows  those 
interpolating  key  frames  #2  and  #3.  As  can  be  seen,  any  two  adjacent  frames 
look  quite  similar,  so  that  the  visual  illusion  leading  to  the  animation  can 
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happen  if  the  frames  are  displayed  sequentially.  In  other  words,  acaunulation 
of  the  small  unnoticeable  changes  between  adjacent  frames  makes  the  abrupt 
conformaSonal  changes  of  the  key  frames  look  smoother.  For  Instance, 
although  the  first  and  last  frame  of  Figure  5-19  are  highly  dissimilar,  the 
individual  conformational  change  in  any  pair  of  adjacent  frames  in  the  figure 
is  very  slight.  This  is  the  greatest  advantage  of  the  inbetweening  technique 


As  an  application  of  the  hee  form  splines  developed  in  Chapter  3,  and 
the  speed  control  strategies  developed  in  Chapter  4,  a prototype  animation 
system  for  protein  folding  has  been  presented.  In  addition,  a new  graphical 
model  suitable  for  molecular  animation  has  been  proposed  and  tested  in  this 
chapter.  The  basic  concepts  involved  in  the  solid  backbone  model  are  the 
solid  drawing  of  the  backbone  and  introduction  of  the  inbetweening 
technique.  In  addition,  the  advantage  of  the  interpolating  spline  employed  in 
the  solid  backbone  model  over  an  approximating  spline  has  been  described 


Figure  5-14.  Comparison  of  the  B-spUne  and  free  form  splines.  The  backbone 
of  the  ubiquitin  molecule  diseased  in  the  Figure  1-1  is  drawn  in  solid. 
Bottom  figure  is  a representation  of  the  solid  backbone  model  and  the  top 
figure  is  a variation  of  the  solid  backbone  model. 
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Figure  5-15.  An  alpha  helix  porhon  of  the  ubiquitin  molecule.  The  curve 
approximating  the  backbone  of  residue  20  through  36  is  drawn.  While  dots 
represent  exact  location  of  residues.  Top  figure  is  the  B-spline  approximation 
of  the  backbone,  while  the  bottom  one  is  the  solid  backbone  model  used  in 
our  prototype  system. 
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the  prototype  system.  Top  left  is  the  begiitning  N-tertninus  and  bottom  right 
Is  the  C'tenninus. 
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CHAPTER6 

CONCLUSIONS 

This  dissertation  is  primaiily  concerned  with  the  animation  of  the 
protein  folding  process  in  biochemistry.  The  solid  backbone  model  presented 
in  this  dissertation  provides  a convenient  tool  for  the  visualization  of  the 
main  polyp«pcide  chain  in  any  animation  environment. 

Most  unportantly,  in  the  model,  alpha  carbons  can  be  imbedded  and 
marked  as  part  of  the  backbone  curve.  When  the  animation  stream  is  stopped 
for  further  analysis  of  a static  conformation,  such  marked  positions  can  be 
used  as  an  interface  between  system  and  viewer.  Portions  of  a large 
maaomolecule  can  be  seen  in  the  spherical  model  by  designating  the  alpha 
carbons  belonging  to  Ihe  area  of  interest,  using  a device  such  as  a mouse. 
Provided  with  a proper  database,  the  system  can  recognize  the  clicked  location 
and  completely  recover  Ihe  location  of  other  atoms  belonging  to  the  peptide 
planes  centered  at  the  alpha  carbon. 

As  a result,  those  van  der  Waals  surfaces  buried  under  outside  atomic 
surfaces  can  be  exposed  selectively.  This  was  not  possible  in  an  animation 

computation  involved.  In  addition,  by  making  the  spline  used  in  Ihe  solid 
backbone  model  pass  directly  through  the  alpha  carbon  locations,  all  of  the 
static  models  developed  earlier,  such  as  the  wireframe  model  and  the 
solvent-accessible  surface  model,  can  be  extensively  exploited  as  part  of  the 
animation  system  presented  in  this  dissertation. 
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No  matter  what  sources  for  the  determination  of  folding  intermediates 
are  used  for  the  animation,  the  technique  of  inberweening  is  required  to 
smooth  out  the  motion  sequence.  Conformational  data  are  intrinsically 
discrete  whether  the  data  are  taken  from  hydrogen  exchange,  nuclear 
magnetic  resonance,  or  energy  tninimization.  The  spatial  pattern  from  one 
folding  intermediate  to  another  does  not  necessarily  exhibit  a gradual 
transition.  Therefore,  the  introduction  of  the  inbetweening  technique  is 
required  to  fiil  in  gaps  in  the  transition,  since  the  visual  illusion  leading  to 

conformation.  Despite  its  popularity  in  the  context  of  computer  animation, 
the  inbetweening  technique  has  not  been  applied  in  any  existing  molecular 
animation  system.  This  dissertation  has  developed  a prototype  molecular 
animation  system  incorporating  the  inbetweening  teciutique. 

Splines  are  used  in  the  prototype  system  in  two  ways:  They  are  used  for 
the  generation  of  the  curve  passing  through  the  backbone  atoms  and  they  are 
used  for  the  generation  of  the  motion  path  of  individual  atoms  over  a time 
span.  In  implementing  these  concepts,  problems  associated  with 
conventional  interpolating  splines  had  to  be  resolved.  Those  interpolating 
splines  with  parametric  continuity  could  not  satisfy  our  needs  because  of  the 
abnormal  behavior  called  wiggles  or  loops,  if  the  parametrically-continuous 
spline  is  employed,  the  backbone  shape  and  the  motion  path  cannot  be  free  of 
wiggles,  due  to  the  unduly  strained  constraints  applied  to  the  spline.  That  is, 
at  a certain  data  point,  both  the  magnitude  and  direction  of  the  left  and  right 
tangents  should  be  identical.  Another  class  of  splines,  known  as  visually 
continuous  splines  in  CAGD  literature,  encompasses  a wider  range  of  spline 
shapes  while  assuring  the  same  smoothness  visually  as  the  parametrically- 
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Although  an  algorithmic  approach  to  produce  this  curve  was  presented 
previously,  no  explicit  formulation  of  this  class  of  splines  as  yet  exists.  In 
previous  approaches,  recursive  iteration  based  upon  the  construction  of  a 
B4aier  polygon  was  mandatory  to  calculate  the  curve,  and  the  complexity  of 
this  algorithm  has  limited  popular  use  of  this  class  of  splines.  This 
dissertation  derives  and  proves  an  explidf  matrix  representation  of  the 
visually-continuous  interpolating  splines.  The  formulation  was  derived  by 
allowing  the  insertion  of  variable  knot  parameters,  with  the  same  parabolic 
blending  as  was  used  for  the  fonnuladon  of  the  well-known  Overhauser 


visually-continuous  splines  were  developed. 

An  important  aspect  of  the  formulation  of  the  splines  presented  in  this 
dissertation  Is  the  consistent  use  of  vector  notation.  Exploiting  the  advantage 
of  vectors,  a simple  graphical  Interface  for  the  generation  of  a motion  path 
was  presented.  An  animator  designing  the  motion  path  of  an  object  can 
simply  draw  a line  to  dictate  the  direction  of  the  motion  at  corresponding  data 
points.  Such  an  extension  of  the  visually-condnuous  splines  may  be  applied 
to  any  applications  involving  animation. 

Another  area  of  concern  is  Ihe  control  of  motion  speed  in  the 
animation.  A control  strategy  was  required  to  ensure  the  proper  motion  speed 
of  individual  atoms  while  the  sequence  of  folding  Intermediates  are 
displayed.  Since  the  splines  used  in  computer  graphics  are  generally  made  to 
be  parametric  for  certain  purposes,  the  magnitude  of  the  derivatives  on  the 
curve,  and  thus  the  inter-frame  distances,  are  parametric  as  well.  Recent 
research  In  this  area  of  animation  suggested  the  possibility  of  controlling  the 
speed  using  a means  of  calculation  in  the  continuous  domain  involving 


our  prototype  system. 
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intermediates  corresponding  to  key  frames  must  be  part  of  the  animation 
sequence.  Our  prototype  system  could  not  apply  the  continuous  domain 
approach,  since  this  technique  does  not  necessarily  hit  the  key  frames.  A 
discrete  domain  alternative — the  Incremental  Knot  Spacing  method, 
combined  with  the  Lookahead  Adjustment  and  Averaging  Adjustment- 
presented  in  this  dissertation  was  shown  to  produce  satisfactory  control  of 
motion  speed  between  frames.  In  addition,  it  is  guaranteed  Co  pass  through 
the  keyframe  positions,  so  that  the  folding  intermediates  can  be  treated  and 

The  key  contributions  of  this  research,  to  computer  graphics  in  generai 
and  molecular  graphics  in  particular,  can  be  summarized  as  follows; 

1.  Analytic  mathematical  formuladon  of  visually-continuous 
splines,  known  as  the  G’  class  splines. 

2.  Development  of  a mathematical  tool  for  the  design  of  motion 
splines. 


3.  Development  of  a method  for  the  control  of  the  motion  speed  in  a 
spline-based  animatian  system. 

4.  Development  of  a molecular  model  for  the  animated  display  of 
protein  folding. 

5.  Introduction  of  the  inbetweening  technique  to  the  Held  of  molecular 
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